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Abstract

Benford’s law is a well-known regularity in the frequency distribution
of first (or most significant) digits found in many data sets. This regu-
larity has been employed in the past to perform forensic analysis of data,
including macroeconomic series.

In this paper, we propound the usage of the regularity to study possible
manipulations of price and inflation index series. To this end, we evaluate
fulfillment of the regularity in macroeconomic series of price and inflation
for some representative countries. We resort to simulations to study the
relationship between price and inflation indexes regarding compliance of
Benford’s law, possible problems of analyzing the regularity using price
indexes (mainly, due to splicing of series, and base-year re-scaling), and
how the regularity could be lost in the inflation series when some simple
manipulations are performed over inflation data.
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1 Introduction

Benford’s Law is a regularity well documented in general data sets. It has been
observed that general sources of data show a logarithmic distribution of the
first significant number [1]. This well-known regularity has also been found to
be present in some economic data sources [8]. Since such aggregates are found
to generally satisfy Benford’s law, absence of this regularity has been used in
forensic accounting and fraud detection [12][4][11]. However, to the best of
our knowledge, Benford’s law has never been applied to detect manipulation of
consumer price or inflation index manipulation.

The aim of this work is to analize the possibility of using Benford’s law to
detect manipulation in such indexes. Firstly, we perform a statistical analysis
to detect whether Benford’s regularity is present in the aforementioned macroe-
conomic indexes for data of some selected countries.

Besides the US data (as representative of a developed economy), we consider
Chile (a developing country with a solid, stable macroeconomic performance and
controlled levels of inflation), and Venezuela and Zimbawe (countries experienc-
ing high and very high inflationary processes).

We find that inflation indexes on these representative countries fulfill the
regularity quite well. On the other hand, series of price indexes seem to be
somewhat less prone to satisfy this “‘law”.

In view of these findings, we explore which connections there must be be-
tween price and inflation indexes, and whether some usually applied, not fraud-
ulent operations on the indexes could alter the fulfillment of the regularity on
price indexes. Such operations include rounding, splicing and base-year changes.

In order to answer these questions, we run simulations of both price and
inflation series. Benford’s law is found to be a robust property of the related
series, in the sense that if a price series satisfies the regularity, then the derived
inflation index series also fulfills the law. Conversely, an inflation index series
which is found to fulfill Benford’s law, integrates into a price series that also
satisfies the regularity.

For the purpose of analyzing why the regularity does not show in price series
as clearly as in inflation index series, we also resort to simulations. The simple

operations of index splicing and base-year rescaling’ are performed over sets of

ITwo typical operations performed in price indexes, specially when considering merging
two periods or indexes calculated with diverging methods.



price indexes simulated to fulfill Benford’s law; then, the amended series are
tested for the regularity.

The results suggest simple operations like index splicing could explain the
occasional failure of price index series to fulfill Benford’s regularity.

To further the usage of Benford’s law to study possible inflation data manip-
ulation, we also simulate the effect of simple manipulation schemes on inflation
reports that turn a complying inflation index into a series that fails to satisfy
Benford’s law.

The plan of the paper is as follows. Section 2 briefly discusses Benford’s
law and its uses in “statistical forensics”. Section 3 presents the data and their
properties. Section 4 runs the comparison with inflation series from alternative
sources, different periods and corresponding to other countries. Section 5 dis-
cusses the simulations that allow us to show, in abstract terms, that inflation-like
series satisfy Benford’s law and that splicing and rounding do not affect these

properties. Section 6 concludes.

2 Benford’s law and fraud investigation

Benford’s “law” is a claim about the frequency distribution of first (or most
significant) digits in the decimal expansion of the numbers in most numerical
databases. More precisely, for any digit d € {1,2,...,9} the probability of being
the leading digit is:2

P(d) = logo(1 + 1)

which can be extended to the probability of any string n of digits drawn from
{0,...,9} (which by a slight abuse of language, can be seen as a natural number
n): the probability of n is log;o(1 + 1). While there are series that do not
satisfy this property, an interesting result is that scale invariance of a series (i.e.
that are not affected by changes in the unit of measurement) implies that it
verifies Benford’s law [9]. This is particularly interesting in the case of inflation
series, that do not depend on the monetary unit in which prices are expressed.
Similarly to spliced price series, which differ in some scale. Even series that
are not scale invariant may satisfy Benford’s law. On the other hand, series in
which truncation and rounding have been applied tend to fail to satisfy it [10]

[2]. But other than in those cases, the validity of the law is pervasive. Thus,

2This can be extended to any numerical base, just replacing 10 by the new base.



it has been used as a general principle to check for fraud and manipulation of
data [12] [8].

Many interesting analyses of fraud have been run on scientific data ([3]),
accounting data ([4]) and, closer to our own work, macroeconomic data ([11]).
The procedure is basically the same, independently of the source of data. For
each series, it starts by finding the actual distribution of digits, which yields,
for each d € {1,...,9}, a frequency Ag. On the other hand, recall that P(d)
represents the probability of d according to Benford’s law. Then, if the size of

the series is m we compute:

9
¢ = my = @)
P(d)
d=1
to obtain the x? statistics, which allows us to reject the hypothesis that the
series satisfies Benford’s law and thus infer a possible manipulation of data. On
the other hand, if this hypothesis cannot be rejected we can keep assuming that

the series behaves according to Benford’s law.

3 Data

We use series of representative countries as reference for Benford’s law com-
pliance. As indicated in the Introduction, we consider the inflation series of
the USA, Chile, Venezuela and Zimbawbe, all of them in annual terms for the
period 1980-2016, which we get from the World Bank database?.

In figure 1 we present our control cases. We can see that they reflect very
different inflationary experiences, ranging from very stable low inflations to cases
with very high and even hyperinflation.

Table 1 presents the results of running the x? test to both inflation and price
(annual) series for each reference country, under the null hypothesis of the valid-
ity of Benford’s law. The results were obtained by using the Benford’s.analysis
(https://CRAN.R-project.org/package=Benford’s.analysis) and Ben-
ford’sTests (https://CRAN.R-project.org/package=Benford’sTests)
packages in R.

The main result is that Benford’s law cannot be rejected in any case for the
inflation index, while the price index series is more problematic (for Chile and

Zimbabwe), except for a significance level of 1%).

3http://databank.worldbank.org/data/reports.aspx?source=world-development-indicators
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Figure 1: Inflation in control countries

Finally Table 2 summarizes all this information, where for each possible
source and series we mark with X the rejection of the null hypothesis and with
v~ if Benford’s law is statistically acceptable. On the other hand, we include
another expression, namely X* to denote that the rejection depends on the level
of significance selected. The latter case allows us to point out when rejections
(or acceptances) of the null hypothesis are weaker.

Weaker evidence for Benford’s regularity in price series might be explained
by standard bookkeeping operations, like series splicing, which may affect the
distribution of first significant digits much in the same way that other types of
restrictions or manipulations have been shown to affect the regularity. The next

section is devoted to analyze this possibility.

Chile (1980-2016) x2 p-value
Inflation 89.097 0.4772
Price index 110.45 0.06138
USA (1980-2016) % p-value
Inflation 65.203 0.9727
Price index 73.093 0.889

Venezuela (1980-2016) % p-value
Inflation 78.893 0.7697
Price index 65.264 0.9723
Zimbabwe (1980-2016) X2 p-value
Inflation 77.387 0.8054
Price index 112.67 0.04585

Table 1: Inflation and Prices in Control Countries 1980-2016



Controls | Chile | UsA | Venezuela | Zimbawbe
Inflation v’ v’ v’ v’
Price index | X* v’ v’ X

Note 1: X denotes the rejection of the null hypothesis.

Note 2: v denotes the non-rejection of the null hypothesis.
Note 3: X* denotes that the rejection depends on the level of significance selected.

Table 2: Summary of results

4 Simulations

The results in the previous section indicate that there is room for holding that
both price index series and inflation index series satisfy Benford’s law. Nev-
ertheless we want to check with more generality this claim. Therefore we run
simulations of price index and inflation series in order to evaluate the satisfaction
of Benford’s Law.

Consider a random variable X distributed uniformly over an interval of real
numbers (a,b), denoted X ~ U (a,b). Then, 10¥ trivially satisfies Benford’s
Law, since its logarithm is uniformly distributed. We can thus use this procedure
to generate “‘price” series satisfying Benford’s Law.*. Again, we apply the x?
test to detect deviations from Benford’s law.

First we analyze the robustness of Benford’s’s regularity on both price and
the derived inflation series. Our results (see Figures ?? and ??) indicate that
even if the price index series does not satisfy Benford’s law its derived inflation
series may satisfy it. Table 3 shows the robust inheritance of Benford’s law
compliance.

We also test whether an inflation index fulfilling Benford’s law translate into
an [integrated]® price index that also satisfies the regularity. The results are
also quite robust [see table 4.]

With respect to effects of splicing and merging series, we can see in Figure 3a
that applying these operations on simulated price series, even if the resulting
price serie fails to satisfy Benford’s’s law, the ensuing inflation series shown in
Figure 3b indeed satisfies the law.

Figure 3 shows how fulfillment of Benford’s law could be lost for a price
series subject to standard bookkeeping manipulations, while the regularity is

maintained in the derived inflation series.

4To run the simulations with Mathematica using its built-in random generator. Alternative
generators (Mersenne-twister, etc.) did not yield noticeably different results.

5To build the price series, a series of anchors satisfying Benford’s law were employed,
though using instead a uniform distribution did not change results.
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Figure 2: Representative histogram of (a) a simulated price series and (b) its
derivated inflation index, showing fulfillment of Benford’s’s law for both series.
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Figure 3: Histograms of (a) a splitted and merged simulated price series and
(b) the derivated inflation index, showing non-compliance of Benford’s’s law for
the merged price series but fulfillment of the law for the inflation index.

According to these results, the conclusion is that if Benford’s law is a general
feature of types of economic data like price indexes [and the reference countries’
data seem to support such claim], then: a) inflation indexes could also be used
to test Benford’s law, since the regularity is quite roboustly transferred between
series; b) some simple operations on the price index can make the series lose
fulfillment of Benford’s law. This suggests using mainly the inflation index to
analyze possible fraudulent manipulations.

Is it possible to detect deceitful manipulation of inflation data with Benford’s
law testing? To answer this question, we perform additional simulations to study
how simple fraudulent operations on the inflation series can affect fulfillment of

Benford’s law. Three manipulations are analyzed:

1. Chop of very large inflation numbers [considering the ceiling as two stan-
dard deviations above the mean, any number above such ceiling is trimmed
to that limit].

2. Omission of large inflation numbers [inflation data that lie one standard

W Observed
[l Expected

W Observed
W Expected




deviation above the mean are discarded®|.

3. Reduction of very large inflation numbers (as defined above) by the factor

K
pto’

In every case, the manipulation destroyed the original compliance of Ben-

ford’s law.

5 Conclusions

In this paper we assessed the claim that price and inflation index series are part
of the great set of data that seem to fulfill Benford’s law. As discussed above,
inflation series show a better fit in terms of y? tests.

Since price indexes are subject to simple, commonplace manipulations that
may force the series to reject the null hypothesis of fulfilling Benford’s regularity,
a good piece of advice derived from our study is to make use of inflation indexes,
rather than price series, to detect fraudulent manipulation of inflation data.
There does not seem to exist any reason to think that inflation data should, in
general, fail to satisfy Benford’s law.

Simulations indicate that even quite simple tampering of data could in prin-
ciple been detected via Benford’s law forensics. Further work [6] is devoted to
apply checking of Benford’s law presence in inflation data to detect fraudulent
manipulations in inflation series where there could be widespread suspicions of

political tampering with official statistics.

6Inflation data cannot in general be omitted; however, we consider this kind of omission
since it is the most difficult to be detected.



A Appendix: syntax of pseudocode

arg argument of a function.

£ [x] f(x)

a,b,c List of elements (a,b,c).

1[0[i1] Returns the i — th element of vector or list 1.

M[[i,;]1] Returns the element M;j of matrix or array M.

Map[f,list] For list = a1, as. .., command returns f(aq), f(az)...

Map[f (arg) ,1ist] Same as above, but with function expressed with a body of argument.

f(argl,arg2,...) Body for a function of more than one argument.
Boolean[test] Returns the Boolean values True or False.
RandomReal [top,n] Returns n pseudo-random numbers generated from the interval [0, top]

B Appendix: General command definitions

e Clears non-significant zeroes and takes z significant digits:
firstsignif[x,z]= FromDigits[RealDigits[x, 10, dig][[1]]]

e Creates the necessary categories to sort values into significant-digits clus-
ters:

cats[len]= tableli, (i, 10(1en - 1), 10 (len - 1)]

e Main command for chi2 test and alpha level of significance:

chitest [list,digits,alphal = newlist=... ; index=0 ; lon
=Length[list] ; labels=cats[digits]

e Determines expected probability for each category according to Benford’s

Law:

e computes the chi-square statistic

critval= InverseCDF[Chisquare Distribution] [10 4181tS
10(digits-1) _ 1 4 _alpha]

e evaluates whether Benford’s law is satisfied

Boolean[chistat<=criticvall

e For sintax: start, test, increment, body:

1. for index=1
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index <= lon

index++

newlist— Append[newlist, firstsignif[list[[index],digits]]]
frecobs = Map|Count[newlist,arg]

A T o

return labels

e Maps a counting routine to each digit or category:

probs= Map[LoglO[1 + 1/arg], return labels

C Appendix: pseudocodes

e Price series satisfying Benford’s law translate into inflation series fulfilling
the regularity

RandomSeed|[seed1]

simulp — Table [10000 « 10RandomReal[1,300] 50|
diagnost1=Map]|chitest[arg,1,.05], return simulpord|
diagnost2=Map|chitest|arg,2,.05], return simulpord|
casesl=Position[diagnost1,True];
cases2—Position[diagnost2, True];
simulpok=simulpord|[[Intersection[cases1,cases2|||
infl[list]:= lon=Length[list];
listdif=Table[(list[[index+1]]-list[[index]]) /list[[index]],

index,1,lon-1]

© o NS oA WD

— =
=)

. simulpinfl=Maplinfl,simulpok]

—
[\

. diagnostlinfl=Map|chitest[arg,1,.05], return simulpinfl]

—
w

. diagnost2infl=Map|chitest[arg,2,.05], return simulpinfl]

—
S

. caseslinfl=Position[diagnostlinfl, True];

—
(2

. cases2infl=Position[diagnost2infl, True];

16. simulpinflok=simulpinfl[[Union|caseslinfl,cases2infl]]]

e Inflation series satisfying Benford’s law translate into price index series
fulfilling the regularity

1. RandomSeed[seed2]
2. simulinf= Table[ 10000 « 10RandomReal[1,3001 540q
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diagnostli= Map]|chitest[arg,1,.05],return simulinf]
diagnost2i= Map]chitest[arg,2,.05],return simulinf]
casesli=Position[diagnost1i, Truel;
cases2i=Position[diagnost2i, True]
simulinfok=simulinf[[Intersection|casesli,cases2i]]]

anchorexp=1000 10 (RandomReal[1,Length at simulinflista])

© ® N o w

buildfrominf[anchor,series]:= index—=1;result=; p=anchor;
lon=Length][series; Do[p=p*(1+series|[index]]); re-
sult=Append|result,p]; index++, lon]; result

10. simulinfp=Table[buildpfrominf[anclasexp][i]] ,simulinfok][i]]].i,
1,Length at anchorexp]

11. diagnostlip=Map|chitest[arg,1,.05],return simulinfp]
12. diagnost2ip=Map|chitest[arg,2,.05],return simulinfp]
13. caseslip=Position[diagnostlip,True|;cases2ip=Position[diagnost2ip,True]

e Splicing of price index series complicates the fulfillment of Benford’s Law

RandomSeed|[seed3]

splitlongord=Sort[splitlong]
diagnost1s—=Map|chitest[arg,1,.05],return splitlongord|
diagnost2s=Map|chitest[arg,1,.05],return splitlongord|
casesls=Position[diagnost1s,True];cases2s=Position|[diagnost2s, True]
splitok=splitlongord[[Intersection[casesls,cases2s]||
splitseries=splitok[[Join[Table[i,i,1,100], Table[i,i,501,600],
Tableli,i,1101,1200]]]]

© ® N o ot W N

diagnost1lsm=Map]chitest[arg,1,.05], returnsplitseries]

H
e

caseslsm—Position[diagnost1sm,True];

cases2sm=Position[diagnost2sm, True]

D Results of the simulations
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