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6Q`2+�biBM; AM~�iBQM BM �`;2MiBM�,
� *QKT�`BbQM Q7 .Bz2`2Mi JQ/2Hb

G�m`� .Ƕ�K�iQ⇤ J�tBKBHB�MQ :ƦK2x �;mB``2⇤ �`B2H E`vb�⇤
GQ`2M� :�`2;M�MB⇤ GmBb GB#QM�iiB»

6B`bi /`�7i, CmHv kyR3

�#bi`�+i

AM ;2M2`�H- +2Mi`�H #�MFb �`2 +QM+2`M2/ rBi? F22TBM; i?2 BM~�iBQM `�i2 bi�#H2
r?BH2 �HbQ bmbi�BMBM; QmiTmi +HQb2 iQ �M 2{+B2Mi H2p2HX lM/2` ǳBM~�iBQM i�`;2iBM;Ǵ-
7Q`2+�bib Q7 i?2 2pQHmiBQM Q7 i?2 ;2M2`�H T`B+2 H2p2H �`2 �M 2bb2MiB�H BMTmi 7Q` TQHB+v
/2+BbBQMb �M/ i?2b2 �`2 mbm�HHv `2H2�b2/ BM [m�`i2`Hv ǳAM~�iBQM _2TQ`ibǴX h?2 +Qbib
�M/ #2M2}ib Q7 i`�MbT�`2M+v BM KQM2i�`v TQHB+v �`2 rB/2Hv /2#�i2/- #mi i?2 M22/
7Q` � +2Mi`�H #�MF iQ BM+Q`TQ`�i2 7Q`2+�bib Q7 7mim`2 BM~�iBQM Bb #`Q�/Hv �;`22/X AM
b?Q`i- 7Q`2+�biBM; BM~�iBQM Bb Q7 7Q`2KQbi BKTQ`i�M+2 iQ ?Qmb2?QH/b- #mbBM2bb2b- �M/
TQHB+vK�F2`bX AM kyRe- i?2 *2Mi`�H "�MF Q7 �`;2MiBM� #2;�M �MMQmM+BM; �M/ BM~�iBQM
i�`;2iBM; b+?2K2X AM i?Bb +QMi2ti- T`QpB/BM; i?2 �mi?Q`BiB2b rBi? ;QQ/ 2biBK�i2b Q7
`2H2p�Mi K�+`Q2+QMQKB+ p�`B�#H2b im`Mb Qmi iQ #2 +`m+B�H iQ K�F2 i?2 T2`iBM2Mi +Q`@
`2+iBQMb iQ `2�+? i?2 /2bB`2/ TQHB+v ;Q�HbX h?Bb T�T2` /2p2HQTb � ;`QmT Q7 KQ/2Hb iQ
7Q`2+�bi BM~�iBQM BM �`;2MiBM� �M/ +QM/m+ib � +QKT�`BbQM Q7 i?2B` T`2/B+iBp2 �#BHBiv �i
/Bz2`2Mi ?Q`BxQMbX Pm` p�`B2iv Q7 KQ/2Hb BM+Hm/2b, UBV mMBp�`B�i2 iBK2 b2`B2b KQ/2Hb-
UBBV o�_b- "�v2bB�M o�_b �M/ hBK2@o�`vBM; S�`�K2i2` o�_b- �M/ UBBBV +QMp2MiBQM�H
L2r E2vM2bB�M S?BHHBTb *m`p2b BM+Hm/BM; QM2 i?�i BM+Q`TQ`�i2b KQM2v iQ 2p�Hm�i2
Bib BM7Q`K�iBQM +QMi2Mi �b � T`2/B+iQ` Q7 BM~�iBQMX q2 +QKT�`2 i?2 T`2/B+iBp2 T2`@
7Q`K�M+2 Q7 i?2 /Bz2`2Mi K2i?Q/b mbBM; i?2 :B�+QKBMB@q?Bi2 i2bi Qp2` i?2 `2H2p�Mi
?Q`BxQMb 7Q` KQM2i�`v TQHB+v /2+BbBQMbX

C1G +H�bbB}+�iBQM, *kk- *jk- 1jR- 1jd
E2vrQ`/b, AM~�iBQM `�i2- 6Q`2+�biBM;- hBK2 b2`B2b KQ/2Hb- S?BHHBTb +m`p2

»*2Mi`�H "�MF Q7 �`;2MiBM�- 1+QMQKB+ _2b2�`+? .2T�`iK2MiX h?2 QTBMBQMb 2tT`2bb2/ BM i?Bb
Tm#HB+�iBQM �`2 i?Qb2 Q7 i?2 �mi?Q`b �M/ /Q MQi `2~2+i i?2 pB2rb i?2 *2Mi`�H "�MF Q7 �`;2MiBM�X
1K�BHb, H/�K�iQ!#+`�X;Q#X�`- K�m`B+BQX;QK2x�;mB``2!#+`�X;Q#X�`- �`B2HXF`vb�!#+`�X;Q#X�`- H;�`@
2;M�MB!#+`�X;Q#X�`- HmBbXHB#QM�iiB!#+`�X;Q#X�`X
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R AMi`Q/m+iBQM

AM `2+2Mi /2+�/2b- 7Q`2+�bib Q7 `2H2p�Mi K�+`Q2+QMQKB+ p�`B�#H2b ?�p2 #22M � 7mM@
/�K2Mi�H iQQH #Qi? iQ *2Mi`�H "�MFb �M/ i?2 ;2M2`�H Tm#HB+X q?BH2 i?2 KQM2i�`v
�mi?Q`Biv M22/b i?2K �b �M BMTmi 7Q` KQM2i�`v TQHB+v /2+BbBQMb- i?2 T`Bp�i2 b2+iQ`
�HbQ 2KTHQvb i?2b2 7Q`2+�bib �b BMTmi r?2M i�FBM; 2tT2M/Bim`2 �M/ BMp2biK2Mi /2@
+BbBQMbX AM T�`iB+mH�`- BM �M BM~�iBQM i�`;2iBM; b+?2K2- KQM2i�`v TQHB+v b?QmH/ #2
;mB/2/ rBi? � 7Q`r�`/@HQQFBM; T2`bT2+iBp2 +QMbB/2`BM; i?�i i`�MbKBbbBQM K2+?�MBbKb
i�F2 bQK2 iBK2 iQ BM/m+2 �M 2z2+i BM i?2 2+QMQKvX 6`QK i?Bb TQBMi Q7 pB2r- i?2 KQM@
2i�`v �mi?Q`Biv b?QmH/ ;mB/2 Bib /2+BbBQMb BM �/p�M+2 Q7 7mim`2 /2p2HQTK2Mib iQ #2
2z2+iBp2X
h?Bb T�T2` /2p2HQTb � rB/2 `�M;2 Q7 KQ/2Hb �M/ �bb2bb2b i?2B` 7Q`2+�biBM; T2`7Q`@
K�M+2 7Q` /Bz2`2Mi ?Q`BxQMbX q2 BKTH2K2Mi p2+iQ` �miQ`2;`2bbBQMb U#Qi? BM 7`2[m2M@
iBbi �M/ "�v2bB�M ~�pQ`bV- iBK2@p�`vBM; T�`�K2i2`b p2+iQ` �miQ`2;`2bbBQMb- �M/ �
?v#`B/ L2r E2vM2bB�M S?BHBTb +m`p2X q2 mb2 /Bz2`2Mi p�`B�#H2b BM 2�+? KQ/2H iQ
�++QmMi 7Q` i?2 K�Mv TQbbB#H2 +�mb2b Q7 BM~�iBQM �M/ i?2 i`�MbKBbbBQM K2+?�MBbKb
i?�i i�F2 TH�+2 BM � +QKTH2t 2+QMQKvX aQ- r2 �``Bp2 �i R9 KQ/2Hb �M/ +QKT�`2
i?2B` T2`7Q`K�M+2 iQ � #2M+?K�`F _�M/QK q�HFX 6Q` i?Bb Tm`TQb2- r2 2p�Hm�i2
i?2 KQ/2Hb �++Q`/BM; iQ � bi�M/�`/ K2�bm`2- i?2 _QQi J2�M a[m�`2 6Q`2+�bi 1``Q`
U_Ja61V �M/ +QKT�`2 i?2 T`2/B+iBp2 �#BHBiv rBi? i?2 bi�M/�`/ i2biBM; K2i?Q/QHQ;vX
q2 }M/ i?�i 7Q` b?Q`i i2`K ?Q`BxQMb- MQ KQ/2Hb �`2 bi�iBbiB+�HHv /Bz2`2Mi 7`QK i?2
#2M+?K�`FX AM +QMi`�bi- 7Q` 7m`i?2` ?Q`BxQMb- i?Bb Bb `2p2`b2/X
h?2 `2K�BM/2` Q7 i?2 T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX h?2 M2ti b2+iBQM /2b+`B#2b 2�+?
Q7 i?2 KQ/2Hb �M/ p�`B�#H2b mb2/ BM i?2 T�T2`X a2+iBQM j T`2b2Mib i?2 `2bmHib BM
`2H�iBQM iQ i?2 T`2/B+iBp2 TQr2` Q7 i?2 KQ/2Hb- �M/ }M�HHv- b2+iBQM 9 +QM+Hm/2bX

k 6Q`2+�biBM; JQ/2Hb �M/ .�i�b2i

kXR JQ/2Hb

1�+? ivT2 Q7 7Q`2+�biBM; KQ/2H ?�b Bib QrM �/p�Mi�;2b �M/ +�p2�ibX PM i?2 QM2 ?�M/-
Bi Bb `2�bQM�#H2 iQ �`;m2 i?�i mMBp�`B�i2 iBK2 b2`B2b KQ/2Hb +�MMQi +�Tim`2 i?2 /v@
M�KB+ BMi2`�+iBQMb �KQM; i?2 /Bz2`2Mi K�+`Q2+QMQKB+ p�`B�#H2b i?�i +QmH/ #2 DQBMiHv
/`Bp2M #v /Bz2`2Mi b?Q+FbX PM i?2 Qi?2` ?�M/- i?2 HBi2`�im`2 `2H�i2/ iQ 7Q`2+�biBM;
BM~�iBQM ?�b 7QmM/ i?�i bK�HH2`- T�`bBKQMBQmb �M/ mMBp�`B�i2 KQ/2Hb- BM T�`iB+mH�`-
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i?2 _�M/QK q�HF- mbm�HHv QmiT2`7Q`K Q` �i H2�bi K�i+? KQ`2 bQT?BbiB+�i2/ KQ/@
2Hb U�iF2bQM � P?�MB�M- kyyRc 6�mbi � q`B;?i- kyyNc .mM+�M � J�`iőM2x@:�`+ő�-
kyR3VX q2 +QMbB/2` #Qi? mMBp�`B�i2 �M/ KmHiBp�`B�i2 KQ/2HbX AM i?Bb bm#b2+iBQM r2
#`B2~v /2b+`B#2 i?2 bi`m+im`2 �M/ K�BM +?�`�+i2`BbiB+b Q7 i?2 KQ/2Hb 2KTHQv2/X

kXRXR _�M/QK q�HF U_qV

h?2 }`bi KQ/2H 2KTHQv2/ Bb i?2 _�M/QK q�HF,

⇡t = ⇡t�1 + utX URV

h?Bb bT2+B}+�iBQM +QMbB/2`b ⇡t�1 �b i?2 7Q`2+�bi 7Q` ⇡t+h 7Q` h = 1, . . . , 6X q2 +?Qb2
i?Bb �b i?2 #2M+?K�`F /m2 iQ Bib bBKTHB+Biv �M/ ;QQ/ T`2/B+iBp2 TQr2` �++Q`/BM; iQ
i?2 HBi2`�im`2X

kXRXk o2+iQ` �miQ`2;`2bbBQM Uo�_V

JQpBM; QM iQ KmHiBp�`B�i2 KQ/2Hb- i?2 o�_ +QMbBbib BM � HBM2�` bvbi2K Q7 2[m�iBQMbX
h?Bb ivT2 Q7 KQ/2H #2+�K2 TQTmH�` bBM+2 i?2 aBKbǶ +`BiB[m2 UaBKb- RN3yV �b � bBKTH2
�M/ ~2tB#H2 �Hi2`M�iBp2 iQ H�`;2 b+�H2 2+QMQK2i`B+ KQ/2HbX 1�+? p�`B�#H2 Q7 i?2 bvbi2K
Bb `2T`2b2Mi2/ �b � 7mM+iBQM Q7 Bib QrM H�;b �M/ H�;b Q7 i?2 `2bi Q7 i?2 p�`B�#H2bX h?Bb
�bbmK2b i?�i i?2 2M/Q;2MQmb p�`B�#H2b �`2 i`2�i2/ bvKK2i`B+�HHv �M/ i?�i i?2`2 Bb �
722/#�+F 2z2+i #2ir22M i?2KX �M mM`2bi`B+i2/ o�_ Q7 Q`/2` p +�M #2 2tT`2bb2/ BM
`2/m+2/ 7Q`K,

yt = ⌫ +A1yt�1 + . . .+Apyt�p + ut- UkV
r?2`2 yt Bb � n⇥ 1 p2+iQ` Q7 2M/Q;2MQmb `�M/QK p�`B�#H2bc ⌫ Bb � }t2/ n⇥ 1 p2+iQ`
Q7 BMi2`+2Ti i2`Kb �HHQrBM; 7Q` i?2 TQbbB#BHBiv Q7 � MQMx2`Q K2�Mc A1 iQ Ap �`2 n⇥n
+Q2{+B2Mi K�i`B+2bc �M/ ut ⇠ N (0,⌃) Bb � n⇥ 1 p2+iQ` Q7 b2`B�HHv mM+Q``2H�i2/ 2t@
Q;2MQmb b?Q+Fb rBi? +QMbi�Mi +Qp�`B�M+2 K�i`Bt ⌃ Q7 bBx2 n⇥n U�HH Q7 r?Qb2 2H2K2Mib
�`2 iBK2 BM/2T2M/2MiVX h?Bb H�bi �bbmKTiBQM BKTHB2b � r?Bi2@MQBb2 Q` BMMQp�iBQM T`Q@
+2bb- i?�i Bb- 1[ut] = 0- r?2`2 1[utu0

t] = ⌃ �M/ 1[utu0
s] = 0 7Q` s 6= tX .Ƕ�K�iQ-

:�`2;M�MB- � "H�M+Q Ukyy3V- 7Q` 2t�KTH2- i2bi � #Bp�`B�i2 KQM2i�`v o�_ iQ 7Q`2+�bi
?2�/HBM2 BM~�iBQM BM �`;2MiBM�X

j



kXRXj "�v2bB�M o2+iQ` �miQ`2;`2bbBQM U"o�_V

PM2 r2�FM2bb Q7 bi�M/�`/ o�_b Bb i?�i i?2 /2Mb2 MmK#2` Q7 T�`�K2i2`b iQ 2biBK�i2
BM+`2�b2b 2tTQM2MiB�HHv �b i?2 MmK#2` Q7 p�`B�#H2b BM+`2�b2bc �M/ ?2M+2- i?2 }MBi2
b�KTH2 2biBK�i2b #2+QK2 H2bb �++m`�i2 rBi? ?B;?2` p�`B�M+2b- `2bmHiBM; BM mMbi�#H2
BM72`2M+2 �M/ H2bb �++m`�i2 7Q`2+�bibX GBii2`K�M URN3eV �KQM; Qi?2`b T`QTQb2/ iQ
`2i?BMF bi�M/�`/ o�_b �M/ +QK#BM2 i?2 HBF2HB?QQ/ 7mM+iBQM Ui?2 /�i�V rBi? bQK2
BM7Q`K�iBp2 T`BQ` /Bbi`B#miBQMb Ui?2 `2b2�`+?2`Ƕb #2HB27 �#Qmi i?2 p�Hm2b Q7 +Q2{+B2MibV
iQ BKT`Qp2 i?2 7Q`2+�biBM; T2`7Q`K�M+2- BMi`Q/m+BM; � "�v2bB�M �TT`Q�+? BMiQ o�_
KQ/2HBM;X h?2 +Q2{+B2Mib Q7 i?2 "o�_ `2bmHi BM � r2B;?i2/ �p2`�;2 Q7 i?2 T`BQ`
K2�M U`2b2�`+?2`Ƕb #2HB27V �M/ i?2 K�tBKmK HBF2HB?QQ/ 2biBK�iQ`b UBM72``2/ 7`QK
i?2 /�i�V r?2`2 i?2 BMp2`b2 +Qp�`B�M+2 Q7 i?2 T`BQ` �M/ i?2 K�tBKmK HBF2HB?QQ/
2biBK�iQ`b �`2 i?2 `2bT2+iBp2 r2B;?ibX AM i?Bb T�T2` r2 7QHHQr i?Bb bi`�i2;vX
h?2 U+QM/BiBQM�HV TQbi2`BQ` /Bbi`B#miBQM Q7 i?2 +Q2{+B2Mib Q7 i?2 "o�_ Bb i?2M

�|⌦ ⇠ N (�0,⌦
�1⇠)- UjV

r?2`2 � ⌘ p2+(B) �M/ B ⌘ [⌫ 0A0
1 . . .A

0
p]

0- i?2 p2+iQ` �0 Bb i?2 T`BQ` K2�M- i?2 K�i`Bt
⌦ Bb i?2 FMQrM p�`B�M+2 Q7 i?2 T`BQ` �M/ ⇠ Bb � b+�H�` T�`�K2i2` +QMi`QHHBM; i?2
iB;?iM2bb Q7 i?2 T`BQ` BM7Q`K�iBQMX 1p2M i?Qm;? ⌦ +QmH/ ?�p2 K�Mv b?�T2b- :�KK�
�M/ qBb?�`i /Bbi`B#miBQMb �`2 7`2[m2MiHv mb2/ BM i?2 HBi2`�im`2- bBM+2 i?2v 2Mbm`2 �
MQ`K�HHv /Bbi`B#mi2/ TQbi2`BQ`X h?2 +QM/BiBQM�H TQbi2`BQ` Q7 � +�M #2 Q#i�BM2/ #v
KmHiBTHvBM; i?2 T`BQ` #v i?2 HBF2HB?QQ/ 7mM+iBQMX aQ- B7 i?2 BM7Q`K�iBQM +QMi�BM2/
BM i?2 /�i� Bb ;QQ/ 2MQm;? iQ /2b+`B#2 i?2 T`Q+2bb #2?BM/ Bi- i?2 TQbi2`BQ` rBHH
KQp2 iQr�`/b i?2 K�tBKmK HBF2HB?QQ/ 2biBK�i2bX h?2`2 Bb TH2Miv Q7 HBi2`�im`2 QM
�TTHB+�iBQMb Q7 i?2b2 KQ/2HbX aQK2 2t�KTH2b BM+Hm/2 :B�MMQM2- G2Mx�- JQK72`�iQm-
� PMQ`�Mi2 UkyR9Vc :B�MMQM2- G2Mx�- � S`BKB+2`B UkyR8V �M/ J�M/�HBM+B UkyRdVX �M
�TTHB+�iBQM 7Q` �`;2MiBM� +�M #2 7QmM/ BM :�`2;M�MB � :ƦK2x �;mB``2 UkyR3VX

kXRX9 hBK2@o�`vBM; S�`�K2i2` o2+iQ` �miQ`2;`2bbBQM UhoS@o�_V

�MQi?2` 2ti2MbBQM Q7 i?2 bi�M/�`/ o�_ Bb iQ �HHQr 7Q` iBK2@p�`vBM; +Q2{+B2MibX h?2
iBK2@p�`vBM; T�`�K2i2` KQ/2H BKTHB2b i?�i i?2 mM/2`HvBM; bi`m+im`2 Q7 i?2 KQ/2H
2pQHp2b Qp2` iBK2- r?BH2 K�BMi�BMBM; i?�i bm+? +?�M;2b BM i?2 /vM�KB+ #2?�pBQ`
b?QmH/ Q++m` bKQQi?HvX
h?2 hoS@o�_ +�M #2 2tT`2bb2/ BM i?2 7QHHQrBM; 7Q`K,

yt = ⌫t +A1,tyt�1 + . . .+Ap,tyt�p + ut- U9V
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r?2`2 ut ⇠ N (0,⌃)X A7 r2 /2}M2 Xt = In ⌦ [1,y0
t�1, . . . ,y

0
t�p] �M/ �t = p2+(Bt)- r2

+�M `2r`Bi2 i?2 bvbi2K �b,
yt = Xt�t + utX U8V

h?2 T�`�K2i2`b �t �`2 �bbmK2/ iQ 2pQHp2 �b � _�M/QK q�HF

�t = �t�1 +wt UeV

r?2`2 wt ⇠ N (0,Q) �M/ i?2 BMBiB�H +QM/BiBQMb 7Q` �t �`2 i`2�i2/ �b T�`�K2i2`bX q2
7Q`KmH�i2 i?2 bBKTHB7vBM; �bbmKTiBQM i?�i i?2 +Qp�`B�M+2 K�i`Bt Q Bb /B�;QM�H- BX2X-
Q = /B�;(q1, . . . , qkn)X h?2 KQ/2H bT2+B}+�iBQMR Bb 7mH}HH2/ rBi? BM/2T2M/2Mi T`BQ`b
7Q` ⌃- �0 �M/ i?2 /B�;QM�H 2H2K2Mib Q7 Q,

⌃ ⇠ W�1(⌫0,S0) �0 ⇠ N (0,⌃) qi ⇠ G�1(⌫0,qi , s0,qi)

hQ 2biBK�i2 i?2 hoS@o�_- r2 2KTHQv2/ �M J*J* �TT`Q�+? bBKBH�` iQ EQQT �
EQ`Q#BHBb UkyRjVX "�`M2ii- JmKi�x- � h?2Q/Q`B/Bb UkyR9V b?Qr �M �TTHB+�iBQM Q7
i?2b2 hoS@o�_b iQ 7Q`2+�bi BM~�iBQMX

kXRX8 S?BHHBTb *m`p2

�MQi?2` KQ/2H i?�i r2 2KTHQv Bb i?2 S?BHHBTb +m`p2 US*VX AM i?2 ?v#`B/ p2`bBQM
T`QTQb2/ #v :�Hő � :2`iH2` URNNNV- i?2 BM~�iBQM `�i2 Bb �bbmK2/ iQ 7QHHQr i?2 T`Q@
+2bb,

⇡t = �⇡t�1 + (1� �)1t[⇡t+1] + �mct + ut UdV
r?2`2 ⇡t Bb i?2 BM~�iBQM `�i2 �i iBK2 t- 1t[⇡t+1] Bb i?2 2tT2+i�iBQM Q7 BM~�iBQM Q7 i?2
M2ti T2`BQ/ �i iBK2 t- mct Bb i?2 ǳK�`;BM�H +QbiǴ �M/ ut Bb � `�M/QK b?Q+FX h?2
�bbmKTiBQM i?�i 0 < � < 1 BKTHB2b � p2`iB+�H S?BHHBTb +m`p2 BM i?2 HQM;@`mMX
q2 �/�Ti2/ i?2 bT2+B}+�iBQM Q7 :�Hő �M/ :2`iH2` iQ i?2 +�b2 Q7 � bK�HH QT2M 2+QMQKvX
�b TQBMi2/ Qmi #v ap2MbbQM UkyyyV- +?�M;2b BM i?2 MQKBM�H 2t+?�M;2 `�i2 �M/ 7Q`2B;M
T`B+2b ?�p2 � /B`2+i 2z2+i QM /QK2biB+ BM~�iBQMX AM �//BiBQM- bBM+2 i?2 MQKBM�H
2t+?�M;2 `�i2 Bb BM 2bb2M+2 i?2 T`B+2 Q7 �M �bb2i- Bi Bb BM?2`2MiHv � 7Q`r�`/@HQQFBM;
p�`B�#H2X h?mb- �b � /2i2`KBM�Mi Q7 /QK2biB+ BM~�iBQM Bi BM~m2M+2b 2tT2+i�iBQMb �M/
/QK2biB+ T`B+2 7Q`K�iBQMX
q2 2biBK�i2 �M QT2M 2+QMQKv p2`bBQM Q7 i?2 ǳ>v#`B/ L2r E2vM2bB�M S?BHHBTb *m`p2Ǵ
i?�i KQ/B}2b i?2 T`2pBQmb 2[m�iBQM BM irQ /B`2+iBQMb, UBV BMi`Q/m+BM; K2�bm`2b Q7

R�HH i?2 KmHiBp�`B�i2 KQ/2H bT2+B}+�iBQMb BM+Hm/2 QMHv QM2 H�; Q7 2�+? p�`B�#H2X

8



MQKBM�H /2p�Hm�iBQM �M/ 7Q`2B;M BM~�iBQM �M/ UBBV mbBM; � K2�bm`2 Q7 i?2 QmiTmi ;�T
�b � T`Qtv 7Q` K�`;BM�H +Qbib `�i?2` i?�M i?2 H�#Q` BM+QK2 b?�`2X h?mb- i?2 }M�H
KQ/2H Bb,

⇡t = �1⇡t�1 + �21t[⇡t+1] + �⇡⇤
t + ��et + �xt + ut- U3V

r?2`2 ⇡t Bb /QK2biB+ BM~�iBQM- K2�bm`2/ #v i?2 +?�M;2 BM i?2 HQ;�`Bi?K Q7 i?2 T`B+2
BM/2tc 1t[⇡t+1] Bb BM~�iBQM 2tT2+i�iBQM 7Q` t + 1 �i iBK2 tc ⇡⇤

t Bb 7Q`2B;M BM~�iBQM-
K2�bm`2/ #v i?2 +?�M;2 BM i?2 HQ; Q7 i?2 la S`Q/m+2` S`B+2 AM/2tc �et Bb i?2 MQKBM�H
/2p�Hm�iBQM +QKTmi2/ �b i?2 HQ; /Bz2`2M+2 Q7 i?2 MQKBM�H �_a@la. 2t+?�M;2 `�i2
�M/ xt Bb i?2 QmiTmi ;�TX
q2 i?2M +QMbB/2` i?�i � `2H2p�Mi 2KTB`B+�H [m2biBQM #2vQM/ i?2 QM;QBM; /2#�i2 QM
i?2 `QH2 Q7 KQM2v BM KQM2i�`v TQHB+v Bb r?2i?2` KQM2v +�M +QMi`B#mi2 iQ 7Q`2+�bi
BM~�iBQM �M/ B7 bQ- �i r?B+? 7`2[m2M+vX q2 2p�Hm�i2 i?2 BM7Q`K�iBQM +QMi2Mi Q7
KQM2v #v BMi`Q/m+BM; � ǳ`2�HǴ KQM2v ;�T BMiQ i?2 T`2pBQmb S?BHHBTb +m`p2 KQ/2HX
h?Bb �//BiBQM�H p�`B�#H2 Bb /2}M2/ �b i?2 /Bz2`2M+2 #2ir22M i?2 �+im�H `2�H KQM2v
biQ+F �M/ Bib HQM;@`mM 2[mBHB#`BmK-

mgap
t = mt �m⇤

t - UNV

r?2`2 m⇤
t Bb i?2 H2p2H Q7 `2�H KQM2v #�H�M+2b i?�i Bb +QMbBbi2Mi rBi? #Qi?- TQi2MiB�H

QmiTmi �M/ i?2 HQM;@`mM 2[mBHB#`BmK BMi2`2bi `�i2X q?2M BMi`Q/m+2/ BMiQ i?2 S?BHHBTb
+m`p2 2[m�iBQM- i?2 `2�H KQM2v ;�T Bb � K2�bm`2 Q7 /2K�M/ T`2bbm`2b �M/ +�M #2
+QMbB/2`2/ �b �M BM/B+�iQ` Q7 i?2 `2�H KQM2i�`v Qp2`?�M;X
lM/2` `�iBQM�H 2tT2+i�iBQMb- 2+QMQKB+ �;2Mib �`2 bmTTQb2/ iQ mb2 +m``2Mi �M/ T�bi
BM7Q`K�iBQM 2{+B2MiHvX AM i2`Kb Q7 2[m�iBQM U3V i?Bb BKTHB2b i?�i i?2 2``Q` BM 7Q`2@
+�biBM; 7mim`2 BM~�iBQM Bb mM+Q``2H�i2/ rBi? i?2 BM7Q`K�iBQM b2i zt �p�BH�#H2 �i /�i2
tX h?2 7QHHQrBM; KQK2Mi +QM/BiBQMb M22/b iQ ?QH/-

1[(⇡t � �1⇡t�1 � �21t[⇡t+1]� �⇡⇤
t � ��et + �xt)zt] = 0- URyV

r?2`2 zt Bb � p2+iQ` Q7 p�`B�#H2b UBMbi`mK2MibV /�i2/ �i t �M/ 2�`HB2`X � M�im`�H r�v
iQ /2�H rBi? i?2 2biBK�iBQM Q7 i?2 S?BHHBTb +m`p2 Bb iQ mb2 i?2 :2M2`�HBx2/ J2i?Q/
Q7 JQK2Mib U:JJV /2p2HQT2/ #v >�Mb2M URN3kV- r?B+? Bb � ;2M2`�HBx�iBQM Q7 i?2
K2i?Q/ Q7 KQK2MibX h?2 KQ/2H rBi? i?2 KQM2v ;�T Bb �HbQ 2biBK�i2/ rBi? i?2 :JJ
K2i?Q/QHQ;vXk h?2`2 Bb � rB/2 2+QMQKB+ HBi2`�im`2 i?�i 2KTHQvb S?BHHBTb +m`p2b iQ
7Q`2+�bi BM~�iBQMX q2 +�M K2MiBQM- 7Q` 2t�KTH2- i?2 2ti2MbBp2 rQ`F Q7 aiQ+F �
q�ibQM URNNNV �M/ 6�mbi � q`B;?i UkyyNV 7Q` i?2 la 2+QMQKv- �M/ �M �TTHB+�iBQM
7Q` �`;2MiBM� BM .Ƕ�K�iQ 2i �HX Ukyy3VX

k6Q` � /2i�BH2/ /2b+`BTiBQM Q7 :JJ 2biBK�iBQM b22 .Ƕ�K�iQ � :�`2;M�MB UkyyNVX

e



6Q`2+�biBM; rBi? S?BHHBTb +m`p2b BKTHB2b i?2 mb2 Q7 BM~�iBQM 2tT2+i�iBQMb i?�i �`2 MQi
�p�BH�#H2 �i i?2 iBK2 i?2 7Q`2+�bib �`2 K�/2X hQ +B`+mKp2Mi i?Bb T`Q#H2K- r2 mb2 i?2
7Q`2+�bib Q7 i?2 _�M/QK q�HF �b � T`Qtv Q7 BM~�iBQM 2tT2+i�iBQMb 7Q` �HH 7Q`2+�bi
?Q`BxQMbX

kXk o�`B�#H2b �M/ .�i�b2i

h?Bb b2+iBQM /2b+`B#2b i?2 p�`B�#H2b BM+Hm/2/ BM �HH i?2 KQ/2HbX h?2 /�i�b2i r�b
+QMbi`m+i2/ mbBM; K�Mv bQm`+2b �M/ bi�`ib BM C�Mm�`v kyy9 �M/ 2M/b BM J�v kyR3X
h?2 7QHHQrBM; HBbi /2b+`B#2b �HH i?2 p�`B�#H2b BM i?2 /�i�b2i,

Ç *SAs, � T`B+2 BM/2t +QMbi`m+i2/ +QK#BMBM; i?2 BM/2t i?2 L�iBQM�H AMbiBimi2 Q7 ai�iBbiB+b
�M/ *2Mbmb Q7 �`;2MiBM� UAL.1*V �M/ i?2 S`B+2 AM/2t Q7 i?2 *Biv Q7 "m2MQb �B`2bX h?Bb
BM/2t 2t+Hm/2b b2�bQM�H �M/ `2;mH�i2/ T`B+2bX

Ç L11_, JmHiBH�i2`�H LQKBM�H 1t+?�M;2 _�i2 AM/2tX Ab Bb +QMbi`m+i2/ #v i?2 *2Mi`�H "�MF
Q7 �`;2MiBM�X

Ç 1J�1, 1biBK�/Q` J2Mbm�H /2 �+iBpB/�/ 1+QMƦKB+� U1J�1VX � JQMi?Hv 1+QMQKB+ �+@
iBpBiv AM/B+�iQ` Tm#HBb?2/ #v i?2 AL.1*X h?Bb p�`B�#H2 i`B2b iQ `2THB+�i2 [m�`i2`Hv :.S #mi
�i � KQMi?Hv 7`2[m2M+vX

Ç AMi2`2bi _�i2, jy iQ 8N@/�v }t2/ i2`K /2TQbBi `�i2bX h?2 bQm`+2 Bb i?2 *2Mi`�H "�MF Q7
�`;2MiBM� U"*_�VX

Ç q�;2b, J2�M r�;2 Q7 _2;Bbi2`2/ S`Bp�i2 a2+iQ` rQ`F2`bX h?2 bQm`+2 Bb i?2 JBMBbi`v Q7
G�#Q`- 1KTHQvK2Mi �M/ aQ+B�H a2+m`Biv Q7 �`;2MiBM�X

Ç _2;X S`B+2b, � T`B+2 BM/2t Q7 `2;mH�i2/ T`B+2bX h?Bb BM/2t Bb +QKTQb2/ Q7 Tm#HB+ miBHBiv
b2`pB+2b U2H2+i`B+Biv- M�im`�H ;�b �M/ `mMMBM; r�i2` Q7 ?Qmb2?QH/bVX

Ç �_a@la. 1_, Ai BM/B+�i2b i?2 MQKBM�H 2t+?�M;2 `�i2 T2bQ@/QHH�`X h?2 bQm`+2 Bb i?2
*2Mi`�H "�MF Q7 �`;2MiBM�X

Ç la SSA, S`Q/m+2` S`B+2 AM/2t Q7 i?2 laX h?2 bQm`+2 Bb i?2 62/2`�H _2b2`p2 "�MF Q7 aiX
GQmBbX

Ç PmiTmi :�T, h?2 ;�T #2ir22M `2�H :.S �M/ i?2 TQi2MiB�H QmiTmi Q7 �`;2MiBM�X h?2
2biBK�iBQM K2i?Q/QHQ;v Bb #�b2/ QM � KmHiBp�`B�i2 }Hi2` #�b2/ QM "2M2Ȓ- *HBMiQM- :�`+ő�@
a�HiQb- CQ?MbQM- G�tiQM- J�M+?2p- � J�i?2bQM UkyRyVX

Ç JQM2i�`v :�T, h?2 /Bz2`2M+2 #2ir22M i?2 �+im�H `2�H KQM2v biQ+F �M/ Bib HQM;@`mM 2[mB@
HB#`BmKX h?2 HQM;@`mM 2[mBHB#`BmK KQM2v biQ+F Bb i?2 H2p2H Q7 `2�H KQM2v i?�i Bb +QMbBbi2Mi
rBi? #Qi?- i?2 Q#b2`p2/ QmiTmi �M/ i?2 MQKBM�H BMi2`2bi `�i2 HQM;@`mM 2[mBHB#`BmK H2p2HbX

d



h�#H2 R, o�`B�#H2b AM+Hm/2/ BM 1�+? JQ/2H

*SAs L11_ 1J�1 AMiX _�i2 q�;2b _2;X S`B+2b �_a@la. 1_ la SSA PmiTmi :�T JQM2i�`v :�T

o�_@R s s s s
o�_@k s s s
o�_@j s s s s s
o�_@9 s s s s

"o�_@R s s s s
"o�_@k s s s
"o�_@j s s s s s
"o�_@9 s s s s

hoS@o�_@R s s s s
hoS@o�_@k s s s
hoS@o�_@j s s s s s
hoS@o�_@9 s s s s

S*@R s s s s
S*@k s s s s s

_q s

LQi2b, h?2 ?vT2`T�`�K2i2`b Q7 i?2 "o�_b +�M #2 7QmM/ BM i?2 �TT2M/BtX
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kXkXR *QKT�`BbQM ai`�i2;v

q2 }`bi 2biBK�i2/ i?2 KQ/2Hb T`2b2Mi2/ bQ 7�` rBi? � `QHHBM; rBM/Qr Q7 88 Q#b2`@
p�iBQMbX h?2 2p�Hm�iBQM T2`BQ/ r2 +QMbB/2`2/ ;Q2b 7`QK C�Mm�`v kyRk iQ .2+2K#2`
kyRdX q2 +QKTmi2/ i?2 `QQi K2�M b[m�`2 7Q`2+�bi 2``Q` U_Ja61V 7Q` QM2@- i?`22@
�M/ bBt@bi2T@�?2�/ TQBMi 7Q`2+�bib rBi? i?2 7Q`KmH� #2HQr

_Ja61m,h =

vuut 1

N

NX

t=1

(ŷm,t+h � yt+h)2 URRV

r?2`2 m = 1, . . . , 14 �`2 i?2 KQ/2Hb- �M/ h = 1, . . . , 6 �`2 i?2 7Q`2+�bi ?Q`BxQMb- N Bb
i?2 2p�Hm�iBQM b�KTH2 bBx2- ŷm,t+h Bb i?2 7Q`2+�bi �M/ yt+h Bb i?2 Q#b2`p2/ p�Hm2X h?2M
r2 +QKT�`2/ i?2 _Ja61 Q7 2�+? KQ/2H `2H�iBp2 iQ i?2 #2M+?K�`F �M/ i2bi2/ i?2B`
T`2/B+iBp2 �#BHBiv rBi? i?2 K2i?Q/QHQ;v Q7 :B�+QKBMB � q?Bi2 UkyyeVX h?Bb `2[mB`2b
i?2 +QKTmi�iBQM Q7 i?2 /Bz2`2M+2 Q7 i?2 iBK2b b2`B2b Q7 b[m�`2/ HQbb2b Q7 i?2 KQ/2H
mM/2` 2p�Hm�iBQM �M/ i?2 #2M+?K�`F 7Q` 2�+? /2bB`2/ 7Q`2+�bi ?Q`BxQM- �Lt+h(✓̂)-
r?2`2 ✓̂ +QMi�BMb �HH i?2 2biBK�i2/ T�`�K2i2`b- �bbmKBM; � `QHHBM; rBM/Qr b�KTH2
Q7 2biBK�iBQMX h?Bb b2`B2b Bb i?2M KQ/2H2/ �M/ � bi�M/�`/ q�H/ i2bi Bb +QM/m+i2/
QM i?2 +Q2{+B2Mib iQ /2i2`KBM2 i?2 /Bz2`2M+2 BM 7Q`2+�bi �++m`�+v #2ir22M i?2 irQ
+QKT2iBM; KQ/2HbX h?2 mM+QM/BiBQM�H p2`bBQM Q7 i?2 i2bi �bbmK2b i?�i i?2 b2`B2b Bb
+QMbi�Mi- �M/ i?mb

�Lt+h(✓̂) = µ+ utX URkV
ai�M/�`/ 2``Q`b K�v #2 +QKTmi2/ mbBM; i?2 L2r2v@q2bi +Qp�`B�M+2 2biBK�iQ`- +QM@
i`QHHBM; 7Q` ?2i2`QbF2/�biB+Biv �M/ �miQ+Q``2H�iBQMX h?2 :B�+QKBMB@q?Bi2 i2bi ?�b
K�Mv �/p�Mi�;2b, BV Bi +�Tim`2b i?2 2z2+i Q7 2biBK�iBQM mM+2`i�BMiv QM `2H�iBp2 7Q`2@
+�bi T2`7Q`K�M+2- BBV Bi �HHQrb 7Q` +QKT�`BbQM #2ir22M 2Bi?2` M2bi2/ Q` MQM@M2bi2/
KQ/2Hb- �M/ }M�HHv- BBBV Bi Bb `2H�iBp2Hv 2�bv iQ +�H+mH�i2X

N



j _2bmHib

>2`2 r2 T`2b2Mi i?`22 THQib Q7 Q#b2`p2/ BM~�iBQM BM �//BiBQM iQ QM2@- i?`22@ �M/
bBt@bi2T@�?2�/ 7Q`2+�bibX
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U�V 1pQHmiBQM Q7 P#b2`p2/ AM~�iBQM �M/ PM2@ai2T@�?2�/ 6Q`2+�bib
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Observed RW VAR1 VAR2 VAR3 VAR4

BVAR1 BVAR2 BVAR3 BVAR4 TVP-VAR1 TVP-VAR2

TVP-VAR3 TVP-VAR4 PC1 PC2

U#V 1pQHmiBQM Q7 P#b2`p2/ AM~�iBQM �M/ h?`22@ai2T@�?2�/ 6Q`2+�bib

q2 +�M Q#b2`p2 i?�i �b i?2 7Q`2+�bi ?Q`BxQM ;Q2b 7m`i?2` BMiQ i?2 7mim`2- i?2 T2`7Q`@
K�M+2 Q7 i?2 KQ/2Hb i2M/b iQ /2i2`BQ`�i2X
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Observed RW VAR1 VAR2 VAR3 VAR4

BVAR1 BVAR2 BVAR3 BVAR4 TVP-VAR1 TVP-VAR2

TVP-VAR3 TVP-VAR4 PC1 PC2

U+V 1pQHmiBQM Q7 P#b2`p2/ AM~�iBQM �M/ aBt@ai2T@�?2�/ 6Q`2+�bib

h�#H2 k `2TQ`ib Qmi@Q7@b�KTH2 _J6a1 Q7 �Hi2`M�iBp2 h@bi2T@�?2�/ 7Q`2+�bib Q7 BM@
~�iBQM- �HH `2H�iBp2 iQ i?2 #2M+?K�`F _�M/QK q�HFX � `2H�iBp2 _Ja61 #2HQr R
BM/B+�i2b #2ii2` T2`7Q`K�M+2 i?�M i?2 #2M+?K�`FX h?2 +�b2b BM r?B+? /2pB�iBQMb BM
_Ja61 �`2 bB;MB}+�MiHv /Bz2`2Mi 7`QK x2`Q �i 10%- 5% �M/ 1% bB;MB}+�M+2 H2p2Hb
�`2 /2MQi2/ rBi? QM2- irQ �M/ i?`22 �bi2`BbFb U⇤V- `2bT2+iBp2HvX h?2b2 �`2 #�b2/ QM
i?2 �7Q`2K2MiBQM2/ :B�+QKBMB@q?Bi2 i2bi- /2b+`B#2/ 2�`HB2` BM i?2 T�T2`X
_2bmHib Q7 h�#H2 k b?Qr i?�i BM dk Qmi Q7 39 `�iBQb i?2 _Ja61 �`2 H2bb i?�M R- r?B+?
+QmH/ BM/B+�i2 i?�i +�mb�H �M/ KmHiBp�`B�i2 KQ/2Hb QmiT2`7Q`K BM 7Q`2+�biBM; +�T�+Biv
i?2 #2M+?K�`FX lbBM; i?2 :B�+QKBMB@q?Bi2 i2bi r2 }M/ i?�i i?2 /Bz2`2M+2b BM 7Q`2@
+�biBM; T2`7Q`K�M+2 Q7 i?2 _�M/QK q�HF �M/ i?2 `2bi Q7 i?2 7Q`2+�biBM; KQ/2Hb �`2
MQi bB;MB}+�Mi U�i 1%- 5% �M/ 10%V 7Q` QM2@ �M/ irQ@bi2T@�?2�/ ?Q`BxQMbX >Qr2p2`-
r?2M i?2 /Bz2`2M+2b BM T`2/B+iBp2 +�T�+Biv �`2 2p�Hm�i2/ 7Q` i?`22@ iQ bBt@bi2T@�?2�/
7Q`2+�bi ?Q`BxQMb- BM kj Qmi Q7 8e Q7 i?2 +�b2b- i?2b2 �`2 bB;MB}+�Mi �i i`�/BiBQM�H
H2p2HbX PMHv BM irQ Q7 i?2 +�b2b Q7 bB;MB}+�Mi /Bz2`2M+2b BM T`2/B+iBp2 T2`7Q`K�M+2-
i?2 #2M+?K�`F QmiT2`7Q`Kb i?2 hoS@o�_ 7Q` i?`22@ �M/ bBt@bi2T@�?2�/ ?Q`BxQMbX
AM i?2 Qi?2` kR +�b2b i?2 +�mb�H �M/ KmHiBp�`B�i2 KQ/2Hb T`2b2Mi #2ii2` 7Q`2+�bi +�@
T�+Biv i?�M i?2 #2M+?K�`FX q2 r�Mi iQ 2KT?�bBx2 i?�i N Q7 i?2b2 kR bB;MB}+�Mi
/Bz2`2M+2b BM 7�pQ` Q7 +�mb�H �M/ KmHiBp�`B�i2 7Q`2+�biBM; KQ/2Hb +Q``2bTQM/ iQ i?2
bBt@bi2T@�?2�/ 7Q`2+�bi ?Q`BxQMX
h?2 `2bmHib BM/B+�i2 i?�i r?2M i?2 7Q`2+�bi ?Q`BxQM ;`Qrb- i?2 +�mb�H �M/ KmHiBp�`B�i2
KQ/2Hb i2M/ iQ QmiT2`7Q`K i?2 #2M+?K�`FX h�FBM; � HQQF BMiQ i?2 bm#b2i Q7 kR

RR



h�#H2 k, Pmi@Q7@a�KTH2 S`2/B+iBp2 S2`7Q`K�M+2- _Ja61 _�iBQb

h = 1 h = 2 h = 3 h = 4 h = 5 h = 6

o�_@R 0.941 0.893 0.831⇤ 0.800⇤ 0.842 0.791⇤

o�_@k 0.920 0.895 0.836⇤ 0.806⇤ 0.841 0.791⇤

o�_@j 0.946 0.927 0.867 0.833 0.876 0.831

o�_@9 0.927 0.920 0.860 0.819 0.853 0.801⇤

"o�_@R 0.975 0.988 0.958⇤ 0.971⇤ 1.016 0.992⇤

"o�_@k 0.970 0.941 0.866 0.819 0.864 0.800⇤

"o�_@j 0.931 0.896 0.838 0.802 0.850 0.793⇤

"o�_@9 0.961 0.930 0.857 0.810 0.856 0.794⇤

hoS@o�_@R 0.975 0.988 0.958 0.971 1.016 0.992

hoS@o�_@k 0.976 0.981 0.961 0.961 0.971 0.968

hoS@o�_@j 0.984 1.017 1.013 1.014 1.075 1.009

hoS@o�_@9 0.986 1.031 0.996 0.984 1.058 1.029

S*@R 1.056 0.982 0.929 0.849⇤⇤ 0.836⇤⇤⇤ 0.857⇤⇤⇤

S*@k 1.006 0.978 0.929⇤ 0.873⇤⇤ 0.835⇤⇤⇤ 0.848⇤⇤⇤

Rk



bB;MB}+�Mi /Bz2`2M+2b- d +Q``2bTQM/b iQ o�_b- d iQ S?BHHBTb +m`p2b- e iQ "o�_b v R
iQ � hoS@o�_X S�`iB+mH�`Hv- 7Q`2+�bib 7`QK S?BHHBTb +m`p2b �`2 [mBi2 /Bz2`2Mi U1%
bB;MB}+�M+2 H2p2HV 7`QK i?2 QM2b Q7 i?2 _�M/QK q�HF 7Q` }p2@ �M/ bBt@bi2T@�?2�/
7Q`2+�bi ?Q`BxQMbX
A7 r2 r�Mi iQ K�F2 � /Bz2`2M+2 �KQM; i?2 i`�MbKBbbBQM K2+?�MBbK i?�i ;2M2`�i2
#2ii2` 7Q`2+�biBM; T2`7Q`K�M+2- 3 Q7 i?2 +�b2b �`2 BM HBM2 rBi? }M�M+B�H K2+?�MBbKb
Uo�_@R �M/ o�_@jV �M/ i?2 Qi?2` Rj �`2 +QMM2+i2/ rBi? i?2 +Qbi@Tmb? +?�MM2H Q7
KQM2i�`v TQHB+v Uo�_@k- o�_@9- S*@R �M/ S*@kVX q2 �HbQ }M/ i?�i i?2 BM+HmbBQM
Q7 `2;mH�i2/ T`B+2b �b �M 2tQ;2MQmb p�`B�#H2 BM i?2 o�_ KQ/2Hb /Q2b MQi K�F2 �Mv
/Bz2`2M+2 BM T`2/B+iBp2 T2`7Q`K�M+2 `2H�iBp2 iQ i?2 #2M+?K�`FX

9 *QM+HmbBQMb

q2 +QM/m+i2/ �M 2t2`+Bb2 iQ 7Q`2+�bi BM~�iBQM BM �`;2MiBM� mbBM; � rB/2 b2i Q7
KQ/2Hb i?�i BM+Hm/2b � _�M/QK q�HF �b � #2M+?K�`F- p�`BQmb o�_b- "o�_b �M/
hoS@o�_b- �b r2HH �b irQ p2`bBQMb Q7 i?2 S?BHHBTb +m`p2X q2 i?2M +QKT�`2/ i?2
`2H�iBp2 T`2/B+iBp2 �++m`�+v Q7 i?Qb2 7Q`2+�bib mbBM; i?2 :B�+QKBMB@q?Bi2 i2biX h?2
`2bmHib BM/B+�i2 i?�i MQ KQ/2H /QKBM�i2b i?2 Qi?2`b �i �HH ?Q`BxQMbX h?2 7Q`2+�biBM;
T2`7Q`K�M+2 Q7 i?2 _�M/QK q�HF �M/ i?2 `2bi Q7 i?2 KQ/2Hb Bb MQi bi�iBbiB+�HHv /B7@
72`2Mi �i p2`v b?Q`i ?Q`BxQMb UQM2@ iQ irQ@bi2T@�?2�/VX �b r2 7Q`2+�bi 7m`i?2` BMiQ
i?2 7mim`2 Ui?`22@ iQ bBt@bi2T@�?2�/V- mMBp�`B�i2 �M/ KmHiBp�`B�i2 KQ/2Hb QmiT2`7Q`K
i?2 #2M+?K�`F BM T`2/B+iBp2 +�T�+BivX AM T�`iB+mH�`- 7Q`2+�bib 7`QK S?BHHBTb +m`p2b-
�`2 bB;MB}+�MiHv #2ii2`- �i i?2 1% H2p2H- 7Q` }p2@ �M/ bBt@KQMi?@�?2�/ 7Q`2+�bi ?Q`B@
xQMbX 6BM�HHv- Bi b?QmH/ �HbQ #2 MQi2/ i?�i i?2b2 KQ/2Hb +QmH/ +QKTH2K2Mi 2�+?
Qi?2` r?2M +QM/m+iBM; BM~�iBQM 7Q`2+�bib- BM i?2 b2Mb2 i?�i i?2v K�F2 Bi TQbbB#H2
iQ �Mbr2` /Bz2`2Mi [m2biBQMb �M/ ;mB/2 TQHB+v /2+BbBQMbX AM i?Bb `2;�`/- 2tTHQ`BM;
7Q`2+�bi +QK#BM�iBQMb +QmH/ #2 `2H2p�Mi 7Q` 7mim`2 `2b2�`+?X

Rj



_272`2M+2b
�iF2bQM- �X- � P?�MB�M- GX 1X UkyyRVX �`2 T?BHHBTb +m`p2b mb27mH 7Q` 7Q`2+�biBM;

BM~�iBQM\ 62/2`�H _2b2`p2 "�MF Q7 JBMM2�TQHBb Zm�`i2`Hv _2pB2r- k8URV- kĜRRX
"�Ɩ#m`�- JX- :B�MMQM2- .X- � _2B+?HBM- GX UkyRyVX G�`;2 #�v2bB�M p2+iQ` �miQ

`2;`2bbBQMbX CQm`M�H Q7 �TTHB2/ 1+QMQK2i`B+b- k8URV- dRĜNkX
"�`M2ii- �X- JmKi�x- >X- � h?2Q/Q`B/Bb- EX UkyR9VX 6Q`2+�biBM; mF ;/T ;`Qri?

�M/ BM~�iBQM mM/2` bi`m+im`�H +?�M;2X � +QKT�`BbQM Q7 KQ/2Hb rBi? iBK2@p�`vBM;
T�`�K2i2`bX AMi2`M�iBQM�H CQm`M�H Q7 6Q`2+�biBM;- jyURV- RkNĜR9jX

"2M2Ȓ- CX- *HBMiQM- EX- :�`+ő�@a�HiQb- _X- CQ?MbQM- JX- G�tiQM- .X- J�M+?2p- SX-
� J�i?2bQM- hX UkyRyVX 1biBK�iBM; TQi2MiB�H QmiTmi rBi? � KmHiBp�`B�i2 }Hi2`X
AMi2`M�iBQM�H JQM2i�`v 6mM/ qQ`FBM; S�T2` LQX Ryfk38X

*�``B2`Q- �X- *H�`F- hX 1X- � J�`+2HHBMQ- JX UkyR8VX "�v2bB�M p�`b, bT2+B}+�iBQM
+?QB+2b �M/ 7Q`2+�bi �++m`�+vX CQm`M�H Q7 �TTHB2/ 1+QMQK2i`B+b- jyURV- 9eĜdjX

.Ƕ�K�iQ- GX- � :�`2;M�MB- GX UkyyNVX a?Q`i@`mM /vM�KB+b Q7 BM~�iBQM, 1biBK�iBM; �
?v#`B/ M2r@F2vM2bB�M T?BHHBTb +m`p2 7Q` �`;2MiBM� URNNj@kyydVX 1Mb�vQb 1+QMƦKB@
+Qb 88- UTX j9VX

.Ƕ�K�iQ- GX- :�`2;M�MB- GX- � "H�M+Q- 1X Ukyy3VX 6Q`2+�biBM; BM~�iBQM BM �`;2MiBM�,
AM/BpB/m�H KQ/2Hb Q` 7Q`2+�bi TQQHBM;\ *2Mi`�H "�MF Q7 �`;2MiBM� qQ`FBM; S�T2`
LQX j8X

.mM+�M- _X- � J�`iőM2x@:�`+ő�- 1X UkyR3VX L2r T2`bT2+iBp2b QM 7Q`2+�biBM; BM~�iBQM
BM 2K2`;BM; K�`F2i 2+QMQKB2b, �M 2KTB`B+�H �bb2bbK2MiX 62/2`�H _2b2`p2 "�MF Q7
.�HH�b :HQ#�HBx�iBQM AMbiBimi2 qQ`FBM; S�T2` LQX jj3X

6�mbi- CX- � q`B;?i- CX >X UkyyNVX *QKT�`BM; :`22M#QQF �M/ `2/m+2/ 7Q`K 7Q`2+�bib
mbBM; � H�`;2 `2�HiBK2 /�i�b2iX CQm`M�H Q7 "mbBM2bb � 1+QMQKB+ ai�iBbiB+b- kd U9V-
9e3Ĝ9dNX

:�Hő- CX- � :2`iH2`- JX URNNNVX AM~�iBQM /vM�KB+b, � bi`m+im`�H 2+QMQK2i`B+ �M�HvbBbX
CQm`M�H Q7 KQM2i�`v 1+QMQKB+b- 99UkV- RN8ĜkkkX

:�`2;M�MB- GX- � :ƦK2x �;mB``2- JX UkyR3VX 6Q`2+�biBM; BM~�iBQM BM �`;2MiBM�X
*2Mi`�H "�MF Q7 �`;2MiBM� qQ`FBM; S�T2` LQX dNX

:B�+QKBMB- _X- � q?Bi2- >X UkyyeVX h2bib Q7 +QM/BiBQM�H T`2/B+iBp2 �#BHBivX 1+QMQ@
K2i`B+�- d9UeV- R898ĜR8d3X

R9



:B�MMQM2- .X- G2Mx�- JX- JQK72`�iQm- .X- � PMQ`�Mi2- GX UkyR9VX a?Q`i@i2`K
BM~�iBQM T`QD2+iBQMb, � #�v2bB�M p2+iQ` �miQ`2;`2bbBp2 �TT`Q�+?X AMi2`M�iBQM�H
DQm`M�H Q7 7Q`2+�biBM;- jyUjV- ej8Ĝe99X

:B�MMQM2- .X- G2Mx�- JX- � S`BKB+2`B- :X 1X UkyR8VX S`BQ` b2H2+iBQM 7Q` p2+iQ`
�miQ`2;`2bbBQMbX _2pB2r Q7 1+QMQKB+b �M/ ai�iBbiB+b- Nd UkV- 9jeĜ98RX

>�Mb2M- GX SX URN3kVX G�`;2 b�KTH2 T`QT2`iB2b Q7 ;2M2`�HBx2/ K2i?Q/ Q7 KQK2Mib
2biBK�iQ`bX 1+QMQK2i`B+�, CQm`M�H Q7 i?2 1+QMQK2i`B+ aQ+B2iv- UTTX RykNĜRy89VX

EQQT- :X- � EQ`Q#BHBb- .X UkyRjVX G�`;2 iBK2@p�`vBM; T�`�K2i2` p�`bX CQm`M�H Q7
1+QMQK2i`B+b- Rdd UkV- R38ĜRN3X

GBii2`K�M- _X "X URN3eVX 6Q`2+�biBM; rBi? #�v2bB�M p2+iQ` �miQ`2;`2bbBQMbě}p2 v2�`b
Q7 2tT2`B2M+2X CQm`M�H Q7 "mbBM2bb � 1+QMQKB+ ai�iBbiB+b- 9URV- k8Ĝj3X

J�M/�HBM+B- wX UkyRdVX 6Q`2+�biBM; BM~�iBQM BM 2K2`;BM; K�`F2ib, �M 2p�Hm�iBQM Q7
�Hi2`M�iBp2 KQ/2HbX AMi2`M�iBQM�H CQm`M�H Q7 6Q`2+�biBM;- jjU9V- Ry3kĜRRy9X

aBKb- *X �X URN3yVX J�+`Q2+QMQKB+b �M/ `2�HBivX 1+QMQK2i`B+�, CQm`M�H Q7 i?2
1+QMQK2i`B+ aQ+B2iv- UTTX RĜ93VX

aiQ+F- CX >X- � q�ibQM- JX qX URNNNVX 6Q`2+�biBM; BM~�iBQMX CQm`M�H Q7 JQM2i�`v
1+QMQKB+b- 99UkV- kNjĜjj8X

ap2MbbQM- GX 1X UkyyyVX PT2M@2+QMQKv BM~�iBQM i�`;2iBM;X CQm`M�H Q7 BMi2`M�iBQM�H
2+QMQKB+b- 8yURV- R88ĜR3jX

R8



�TT2M/Bt, aT2+B}+�iBQM 7Q` "o�_b

q2 7QHHQr2/ i?2 bi`�i2;v bm;;2bi2/ #v "�Ɩ#m`�- :B�MMQM2- � _2B+?HBM UkyRyVc *�`@
`B2`Q- *H�`F- � J�`+2HHBMQ UkyR8V �M/ :B�MMQM2 2i �HX UkyR8V iQ b2H2+i i?2 ?vT2`T�@
`�K2i2`b �M/ i?2 H�; H2M;i? Q7 i?2 "o�_bX amTTQb2 i?�i � KQ/2H Bb /2b+`B#2/ #v
� HBF2HB?QQ/ 7mM+iBQM p(y|✓) �M/ � T`BQ` /Bbi`B#miBQM p�(✓)- r?2`2 ✓ Bb i?2 p2+iQ` Q7
T�`�K2i2`b Q7 i?2 KQ/2H �M/ � Bb � p2+iQ` Q7 ?vT2`T�`�K2i2`b �z2+iBM; i?2 /Bbi`B#m@
iBQM Q7 �HH i?2 T`BQ`b Q7 i?2 KQ/2Hc i?2M Bi Bb M�im`�H iQ +?QQb2 i?2b2 ?vT2`T�`�K2i2`b
#v BMi2`T`2iBM; i?2 KQ/2H �b � ?B2`�`+?B+�H QM2- BX2X `2TH�+BM; p�(✓) rBi? p(✓|�) �M/
2p�Hm�iBM; i?2B` TQbi2`BQ` U"2`;2`- RN38c EQQT- kyyjVX AM i?Bb r�v- i?2 TQbi2`BQ` +�M
#2 Q#i�BM2/ #v �TTHvBM; "�v2bǶ H�r

p(�|y) ⇡ p(y|�)p(�)- URjV

r?2`2 p(�) Bb i?2 /2MbBiv Q7 i?2 ?vT2`T�`�K2i2`b �M/ p(y|�) Bb i?2 K�`;BM�H HBF2HB@
?QQ/X AM im`M- i?2 K�`;BM�H HBF2HB?QQ/ Bb i?2 /2MbBiv i?�i +QK2b 7`QK i?2 /�i� r?2M
i?2 ?vT2`T�`�K2i2`b +?�M;2X AM Qi?2` rQ`/b- i?2 K�`;BM�H HBF2HB?QQ/ +�M #2 Q#i�BM2/
�7i2` BMi2;`�iBM; Qmi i?2 mM+2`i�BMiv �#Qmi i?2 T�`�K2i2`b BM i?2 KQ/2H-

p(�|y) =
Z

p(y|✓,�)p(✓|�)d✓X UR9V

6Q` 2p2`v +QMDm;�i2 T`BQ`- i?2 /2MbBiv p(�|y) +�M #2 +QKTmi2/ BM +HQb2/ 7Q`KX hQ
Q#i�BM i?2 "�v2bB�M ?B2`�`+?B+�H bi`m+im`2- Bi Bb M2+2bb�`v iQ Q#i�BM i?2 /Bbi`B#miBQM
Q7 p(✓) #v BMi2;`�iBM; Qmi i?2 ?vT2`T�`�K2i2`b

p(✓) =

Z
p(✓,�)p(�)d�X UR8V

JQ`2 T`2+Bb2Hv- r2 +�M }M/ /Bz2`2Mi p�Hm2b Q7 i?2 T`BQ` /Bbi`B#miBQM 7`QK /Bz2`2Mi
?vT2`T�`�K2i2` p�Hm2b- �M/- BM i?Bb r�v- r2 +�M `2T`2b2Mi i?2 TQbi2`BQ` �b,

p(✓,�|y) = p(y|✓,�)p(✓,�)p(�)X UReV

h?2 K�`;BM�H HBF2HB?QQ/ b?QmH/ #2 bm{+B2Mi iQ /Bb+`BKBM�i2 �KQM; KQ/2HbX AM i?Bb
b2Mb2- r2 +�M +?QQb2 KQ/2Hb rBi? /Bz2`2Mi ?vT2`T�`�K2i2`b �M/ /Bz2`2Mi HBF2HB?QQ/
bT2+B}+�iBQMb UKQ`2 T`2+Bb2Hv- H�; H2M;i? bi`m+im`2VX hQ K�F2 i?Bb TQBMi QT2`�iBQM�H-
r2 2biBK�i2 /Bz2`2Mi KQ/2Hb- 7QHHQrBM; :B�MMQM2 2i �HX UkyR8V r?Q BMi`Q/m+2 � T`Q@
+2/m`2 �HHQrBM; iQ }M/ i?2 p�Hm2b Q7 i?2 ?vT2`T�`�K2i2`b i?�i K�tBKBx2 i?2 p�Hm2 Q7
i?2 K�`;BM�H HBF2HB?QQ/ Q7 i?2 KQ/2HX h?Bb BKTHB2b i?�i i?2 ?vT2`T�`�K2i2` p�Hm2b

Re



�`2 MQi b2i � T`BQ`B #mi �`2 2biBK�i2/X h?2M i?2 K�`;BM�H HBF2HB?QQ/ +�M #2 2biBK�i2/
7Q` 2p2`v +QK#BM�iBQM Q7 ?vT2`T�`�K2i2` p�Hm2b rBi?BM bT2+B}2/ `�M;2b �M/ 7Q` /B7@
72`2Mi H�; H2M;i? bi`m+im`2b- �M/ i?2 QTiBK�H +QK#BM�iBQM Bb `2i�BM2/ �b i?2 QM2 i?�i
K�tBKBx2b i?�i p�Hm2X
q2 rQ`F rBi? � LQ`K�H@qBb?�`i "o�_ bT2+B}+�iBQMX AM i?Bb ivT2 Q7 bT2+B}+�iBQM
i?2`2 �`2 irQ ?vT2`T�`�K2i2`b �M/ irQ T�`�K2i2`bX q2 2biBK�i2 i?2 Qp2`�HH iB;?iM2bb
�1- H�; /2+�v �3 �M/ i?2 H�; H2M;i? �b /2b+`B#2/ #2HQr- �M/ i?2M r2 BKTQb2 i?2 p�Hm2
Q7 i?2 T`BQ` K2�M Ui?2 �miQ`2;`2bbBp2 +Q2{+B2MiV 2[m�H iQ x2`QX
h?2 ?vT2`T�`�K2i2` Q7 i?2 Qp2`�HH iB;?iM2bb �1 Bb i?2 bi�M/�`/ /2pB�iBQM Q7 i?2 T`BQ`
Q7 �HH i?2 +Q2{+B2Mib BM i?2 bvbi2K /Bz2`2Mi 7`QK i?2 +QMbi�MiX AM Qi?2` rQ`/b- Bi
/2i2`KBM2b ?Qr �HH i?2 +Q2{+B2Mib �`2 +QM+2Mi`�i2/ �`QmM/ i?2B` T`BQ` K2�MbX
h?2 i2`K �3 Bb � /2+�v 7�+iQ`- �M/ 1/(L�3) +QMi`QHb i?2 iB;?iM2bb QM H�; ǳGǴ `2H�iBp2
iQ i?2 }`bi H�;X aBM+2 i?2 +Q2{+B2Mib Q7 ?B;?2` Q`/2` H�;b �`2 KQ`2 HBF2Hv iQ #2
+HQb2 iQ x2`Q i?�M i?Qb2 Q7 HQr2` Q`/2` H�;b- i?2 T`BQ` 7Q` i?2 bi�M/�`/ /2pB�iBQMb Q7
i?2 +Q2{+B2Mib /2+`2�b2 �b i?2 H�; H2M;i? BM+`2�b2bX h?2 p�Hm2b mbm�HHv mb2/ BM i?2
HBi2`�im`2 �`2 R Q` k- #mi BM Qm` +�b2- r2 b2iiH2 7Q` �3 = �2 = 0X
h?2 T`BQ` p�`B�M+2 Q7 i?2 T�`�K2i2`b Q7 �̂(⇠) Bb b2i �++Q`/BM; iQ,

�2
ij =

✓
1

�2
j

◆✓
�1

L�3

◆2

URdV

r?2`2 �2
j /2MQi2b PGa `2bB/m�H p�`B�M+2 Q7 i?2 �miQ`2;`2bbBp2 +Q2{+B2Mi 7Q` p�`B�#H2

ǳDǴX 6Q` 2tQ;2MQmb p�`B�#H2b- r2 /2}M2 p�`B�M+2b �b �2
x = (�1�4)2X

h?2 +?�`�+i2`BbiB+b Q7 i?2 ?vT2`T�`�K2i2`b �7i2` i?2 QTiBKBx�iBQM �M/ T`BQ` K2�Mb
Q7 i?2 "o�_@R- "o�_@k- "o�_@j �M/ "o�_@9 KQ/2Hb �`2 b?QrM BM i?2 M2ti i�#H2,

h�#H2 j, GBbi Q7 >vT2`T�`�K2i2` o�Hm2b

"o�_@R "o�_@k "o�_@j "o�_@9

�miQ`2;`2bbBp2 *Q2{+B2Mi 0.50 0.30 0.40 0.30

Pp2`�HH hB;?iM2bb U�1V 0.05 0.21 0.07 0.17

G�; G2M;i? 1 1 1 1

Rd


