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1 Introduction

Intra-group correlation has received considerable interest in the applied and
theoretical literature. When the data can be grouped in clusters it is the rule
rather than the exception that observations within a group are not indepen-
dent. Failure to accomodate these interactions can lead to misleading statis-
tical inferences, as highlighted by the influential article by Bertrand, Duflo
and Mullainathan (2004); a concern that dates back to Moulton’s (1986)
seminal paper.

The empirical practice relies on ‘cluster robust methods’, that is, for ex-
ample, on estimates of standard errors that explicitly allow for correlations
among observations within a group. The reliability of such strategy comes at
a cost, since its consistency depends on the number of independent groups
growing large. This is problematic in the case where grouping obeys a nested
structure, as would be the case of students in a given class, in a particular
school, etc. In this scenario a safer strategy that allows for arbitrary correla-
tions at a larger group (say, at the school instead of the class level) comes at
the price of leaving fewer independent groups, rendering asymptotic approx-
imations less reliable. The recent exhaustive survey by Cameron and Miller
(2015) points out that ‘there is no general solution to this trade-off, and
there is no formal test of the level at which to cluster. The consensus is to
be conservative and avoid bias and use bigger and more aggregated clusters
when possible, up to and including the point at which there is concern about
having too few clusters.” (p.21).

This paper proposes a testing framework for the appropriate level of clus-
tering in a hierarchical linear model. The most obvious type of intra-group
correlation arises when all observations within a group share an unobserved
common factor, hence all observations in a group are ‘equicorrelated’ in the
sense that all pairwise correlations are the same. Beyond equicorrelation lit-
tle can be said if observations within a group do not follow a relevant order-

ing, like, for example, students sorted alphabetically in a class. Hence more



complex patterns requires imposing a sensible ordering within the cluster.
A natural one that has received particular consideration in Bertrand et al.’s
(2004) influential article is time, that is, cluster correlation induced when ob-
servations are sorted chronologically. We will model intra-group correlations
as a combination of random effects and serially correlated error components,
in a nested, hierarchical structure. Consequently, the problem of what and
how to cluster observations is related to identifying a) the ‘finest’ grouping
structure that leaves out more independent groups and, b) the type of intra-
cluster correlation, in the form of either random effects, serial correlation or
both.

Baltagi, Song and Jung (2002a, 2002b) propose tests for nested random
effects allowing for serial correlation at the ‘finest’ level (students, in our
example). Our testing strategy allows for serial correlation at both hierarchi-
cal levels, jointly or conditional on the presence of the other. Consequently,
the proposed testing procedure allows researchers to detect whether intra
group correlation operates at a finer or coarser level and also if it is due to
equicorrelation, serially correlation or both.

Tests are derived in Neyman’s C'(«) likelihood framework under normal-
ity, based on simple consistent estimators for nuisance parameters. An ex-
tensive Monte Carlo exercise is implemented to explore the performance of
the proposed tests in finite samples and under non-Gaussian distributions.

The paper is organized as follows. The next section discusses a simple
model for grouped data and the relevant hypotheses for intra-cluster corre-
lations. Section 3 derives tests for all possible combination of cluster effects.
The reliability of the asymptotic results in a small sample context is eval-
uated in a comprehensive Monte Carlo experiment in Section 4. Section 5
presents an empirical case that illustrates how to implement the proposed

testing strategy in practice. Section 5 concludes.



2 Nested intra-group and serial correlation

Consider a hierarchical linear model with two nested cluster groups,

Yijt = x;jtﬁ + Uijt,
Uit = Qi + Oir + pij + Vit

i=1,2,.M, j=12.,N, t=12,..,T. As in Baltagi et al. (2001),
each observation (1, j,t) will be referred to as corresponding to individual j
in group ¢ and period t. To simplify notation and derivations we will assume
a balanced panel data.

The error structure allows for unobserved heterogeneity at the 7, it, 75 and
17t levels, respectively, in the form of unobserved random effects. The pres-
ence of two hierarchical levels leads to two autocorrelation patterns. Consider

two nested stationary AR(1) processess:

Ot = Nit—1 + i, 0 < [N <1,

Vijt = PViji—1 + €ij¢, 0 < |p| < 1.

A canonical example for this model may be the following. Consider M
classrooms each with N students observed during 7' periods, where each
student belongs to only one classroom. Let y denote a learning outcome
such as GPA. Intra cluster correlation in the unobservables may occur due
to the presence of an unobserved time invariant term that is student specific
(45, ie. ability, family background) or classroom specific (¢;, i.e. teachers’
effect). Alternatively, intra-group dependences may arise due to the time
dependence of shocks at the student or classroom levels, modelled as AR(1)
processes in our case.

The full null hypothesis of no cluster effects is the joint null of no random
effects nor serial correlation at both levels. Departures away from this joint
null are informative about two practical issues. The first one is the decision

about ‘what to cluster over’, that is, choosing the appropriate hierarchical
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level up to which to allow for possible intra-group correlations. As mentioned
in the Introduction, this is a crucial question since allowing for correlations
at a bigger level leaves fewer groups of independent observations, harming
the reliability of cluster robust standard errors. Secondly, it is relevant to
know not only the level at which to cluster but also the source of intra-
group correlation, as a previous step in deciding how to handle correlations
to estimate standard errors consistently. For example, under the null of
no serial correlation only random effects cause intracluster correlation, in
which case minimum norm quadratic unbiased estimates of the parameters
needed to construct estimates of the variances of GLS estimators can be
simply derived (as in Matyas (1996, pp. 61)), which may have a considerable
advantage over cluster robust methods in the few groups scenario, specially
in terms of bias.

Consequently, in this setup testing for cluster correlations amount to
checking for random effects and serial correlation at different hierarchical
levels. When there is only one hierarchical level (students in different peri-
ods, for example), the problem reduces to learning the source of intra-group
correlation in the form of random effects or serial correlation. The classic
Breusch and Pagan (1980) test for random effects assumes no serial corre-
lation and, symmetrically, the test by Baltagi and Li (1991) checks for first
order serial correlation assuming no random effects. Bera, Sosa-Escudero
and Yoon (2001) point out that both tests reject their nulls incorrectly when
the unwanted effect is present, that is, the Breusch-Pagan test rejects un-
der serial correlation even when no random effects are present and a similar
concern affects the test by Baltagi and Li (1991). Consequently, both tests
might detect intra-group correlation but are unable to identify its source.
Bera, Sosa-Escudero and Yoon (2001) propose a modification that can iden-
tify each effect separately. Inoue and Solon (2006) propose a test for first
order serial correlation after fixed effect estimation.

When more than one hierarchical level is allowed for, Baltagi, Song and



Jung (2002b) develop LM tests for random effects in a nested error compo-
nents model, but with no serial correlation. Baltagi, Song and Jung (2002a)
allow for serial correlation although at the finest level only (i.e. ijt). By al-
lowing a full nested autocorrelation structure, the testing strategy proposed
in this paper can correctly identify the level at which cluster effects take place
and their sources, that is, whether they are caused by unobserved random
effects and/or serial correlation and, more importantly, at which hierarchical
level each of them operates.

Related strategies include Kézdi (2004), who proposes a based on the
comparisson of variance estimates with or without allowing for cluster cor-
rerlation, in the spirit of the classic White test for heteroskedasticity. King
and Roberts (2015) propose a similar procedure using the generalized infor-
mation matrix. These two procedures do not detect the appropriate level of
clusters since they only check for differences with respect to the joint null of

absence of cluster correlation.

3 Tests for cluster effects

Let z; = [Ti11, s TAT -y TiN1, -, Tiny)- We will make the following assump-

tions:

Assumption 1:

{yio, s, b3y Wiy iy €. 112, is an independent and identically distributed random
sample;

Assumption 2:

Correct mean specification: E|¢;|x;] = E[nit|z;| = Elpijlzi] = Eleiji|vi] =
07 Vi7 .j? t;

Assumption 3:

Variance: Var|g;|z;] = 0F, Var[dg|z] = of = 02 /(1 = N), Var|u;lz] = of,
Varlvig|z] = o) = 02 /(1 = p?);

v =



Assumption 4:

Nested autocovariance structure: Cov[dy, dip|z;] = A't*h‘af],w, h,t, 0 < |\ <

1, Cov[vye, vijn|zi] = p=Mo? Vi, j,t,h, 0 < |p| < 1.

Assumption 5:

Normality: ¢; ~ i.i.d. N(0,03),Vi, pij ~ i.i.d. N(0,07),Vi, 4, ne ~i.i.d. N(0,07),¥i, ], 1,
€ijt ™~ 1.1.d. N(O, 052)

In matrix form the model can be written as

y=XB+u,

Q= E(uu') = 0} (In®@JIn@J7) 403 (In@In@VA) +05 (In@IN@J7)+0o (IR IN®V,),
(1)

where y and e are the MNT x 1 column vectors with all the dependent

variable and residual observations, and X is the MNT x K matrix with

the observable covariates. [. is a --dimensional identity matrix, J. is a --

dimensional matrix of ones,

1 22 RS Vi
A 1 A T2
Vi = | AT A1 e AT
)\T—l )\T.—2 )\T;3 1
[ 1 p ,02 prl ]
p 1 p p'?
‘/p _ p2 p 1 pT—S :
_pT—l pT—Q pT—3 1 |

and ® is the Kronecker product. For future reference define the idempotent

matrices J. = 1J. and E. = I. — J., which correspond to the projection and
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residual projection matrices, respectively, on a set of dummy variables for
the - level.
The log likelihood function for this problem is given by

1 1
L(B3,6) —§1n|Q|—§uTQ_1u,

with 6 = (03, 07,07,02,p,A) and Q is given by equation .
Baltagi, Song and Jung (2002a) develop LM tests for random effects in a

nested error components model, assuming 0,27 = A = p = 0. They derive tests
for the joint null H, i 0; = 0; = 0 and for the conditional hypotheses
Hg‘Q‘ t 07 =0, assuming o > 0, and Hg‘?’ 103 =0, assuming o7, > 0.

A joint test for no cluster effects in a nested random effects model and no
serial correlation at the finest level was studied by Baltagi, Song and Jung
(2002b). That is, their null hypotesis is Hg;’ai’p t 0} =0, = p =0, assuming
or =XA=0.

In this paper we develop tests for detecting the appropriate level of au-
tocorrelation in a nested random effects structure. We propose tests for the
join null of no serial correlation at any hierarchical level (H A p=0,A=0,
assuming 03) > 0,072] > 0,0'Z > 0) and conditional tests for one type of
serial correlation given that the other is present, that is, Hf : p = 0, as-
suming 035 > 0,0,27 > O,ai > 0,0 < |\ < 1and H} : A = 0, assuming
03) > 0,02 > O,UZ > 0,0 < |p| < 1. The combination of the proposed tests
with those previously proposed by Baltagi et al (2002b) allows researchers
to fully identify the levels and the sources of intra-cluster correlation, and
decide on a appropriate strategy to handle it. For example, and as mentioned
in the Introduction under the joint null of no serial correlation, a hierarchical
FGLS strategy produces asymptotically efficient estimates of the parame-
ters of interest and consistent estimates of their variances, which may have
considerable advantages over cluster robuts methods who unnecesarily allow

intraclass correlations to vary. Also, in the case of serial correlation, the

tests identify whether it takes place at the fine or coarse level, indicating at



which level to cluster observations, which, as stressed previously, is crucial
to maximize the number of independent groups in order to make asymptotic
approximations more reliable if clustering occurs at the finer level.

Let # € © C RP. Using the formulas in Harville (1977, p.326) (see also
Baltagi, 2003, p.63) the score functions can be expressed as

5,(0) = OL )06, — —%tr[g—lm/aer] + %[UTQ_I(QQ/ﬁer)Q_Iu],

for 1 < r < p. The information matrix 7 can be obtained as

9 B 1 1 0%Q _8(2 _18_Q
0°L/00,00; = 2tr Q 80,00, aerQ 0,
1 +.4 ox2 o 00|
—u ' -2 Q
N {aeraek o0, 06, "
and
g 1 [q020.02
Note that
09/80;:(IM®JN®JT),
1
89/80'73:@([]\/[@;]]\7@‘/)\),
00/007 = (I ® Iy ® Jr),
00 /00? = 1_p2(IM®IN®Vp),
2p0€2 062 ,
00/0p = _W(IM@)]N@V;}) + a _pQ)(]M®]N®Vp)7
2)\0’727 0-727 /
where



0 1 2p (T —1)pt—2
1 0 1 e (T —=2)p"3
v, = 2p 1 0 e (T=3)p"* ||
| (T =1Dp"2 (T =2)p"* (T =3)p"* 0 |
and
[ 0 1 2) (T — 1)AT2
1 0 1 o (T —2)\T3
V] = 2\ 1 0 o (T =3
| (T = DA (T =2)A"2 (T =3)\"* - 0 |

In order to construct LM tests, first note that the block diagonality be-
tween 3 and 6 allow us to focus on the scores corresponding to 6 only. Second,
consistent estimators of 6§ under the null can be obtained using an ANOVA-
type analysis (in particular see Baltagi and Li, 1991, Baltagi, Jung and Song,
2001; see also the Appendices). Hence our tests will be based on Neyman’s
C'(a) principle, which produces tests that are asymptotically equivalent to
likelihood based LM tests under any initial v/N-consistent non-ML estima-
tion of the nuisance parameters.

Consider a partition of 0 = (07,05)’, where 6, contains the parameters
under the corresponding null hypothesis HZ : 6 = 0, and 6, the nuisance
paramaters that need to be estimated. In our particular case, 8 will be
partitioned into either 6, = (03, 07,07, 02)', 02 = (p, \)’ (subsection, 0, =
(03,00,0%,02,p),65 = A (subsection or 0y = (0},00,00,02,\) 0 = p
(subsection . Correspondingly, the score will be partitioned as s(0) =

(s1(0),s2(0))’, and the information matrix as J(0) = [ gggz; gggg% ] )

Conditional LM statistics for H3 under ML estimation are defined as

LM5(0) = 52(0)[J22(0) — T (0) T11" (0) T12(0)] ™' s2(6).
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Neyman’s C(«) adjusted scores are defined as

521(0) = 52(0) — To1 (0) T11' (0) T12(0) 51.(6).
Then, the Neyman’s C'(«) LM statistic is

LM31(0) = $21(0)'[J22(0) — Fa1(0) T 1 (0) T12(0)] ' 52.4(6).

A well known result is that LMQ.l(é*) L X?lim(ez)’ where 0* is any consistent

estimator under the corresponding null hypothesis.

3.1 LM test for serial correlation under random ef-
fects: H/" : p = 0,\ = 0, assuming o, > 0,00 >
0, UZ >0

Consider first a test for no autocorrelation at both hierarchical levels but

allowing for a nested error component random effects structure. In this case

Qy = 0'35<]M®JN®JT)+0'727(IM®JN®IT)+Uz(1M®IN®JT)+0'E2(IM®IN®]T);

and

00/003|m, = (In @ Iy © Jr),
09/002 1, = (I ® Jy ® Ir),
00/00% |, = (In © In ® Jr),
90/00% g, = (I ® Iy @ Ir),
0Q/0plu, = 02(In ® Iy ® Br),
000N 1, = op(Ing ® Jy © Br),
where Br is a T' x T bi-diagonal matrix, that is, with zeros in all its elements

except bt,t—l = bt,t+1 =1fort= 1, 2, 3, ,T
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For this case define 6, = (0},07,07%,02) and 05 = (p,A). Appendix Al
provides consistent estimates for all the elements of # under the null hypoth-
esis, 0 = (62,62,62,62,0,0).

Then a test for absence of autocorrelation at any level can be constructed
by replacing in LM, all unknown quantities by its consistent estimates,
using the matrix derivative formulae above and replacing the unobserved u
by OLS residuals 4. The resulting test statistic will be labeled as LM, ).,
Computer routines to implement all the proposed tests are available upon

request.

3.2 Test for serial correlation at the group level: H; :
A =0, assuming o7 > 0,0, > 0,07 > 0,0 < [p| <1

This is a test for autocorrelation at the most aggregate level. In this case we

have
2 2 2 o?
Q = o5 (@ In®Jr)+0,(Iu@IN®Ir)+o, (@ IN®Jr)+ 1 7 (In@IN®V))
Note that:

0Q/003|ny = (I @ Jy @ Jr),

0Q/002 1, = (In ® Jn ® Ir),

GQ/OJZ\HO = Iy ® Iy ® Jr),

1
00/00? |y, = =2 (I @ In ®V,),
2p0? ol /
0Q/0p|u, = —m(fzw ®IneV,) + W(IM ® Iy ®V)),

89/8)\|H0 == 0'727([]\/[ X JN X BT)

Two tests will be proposed for this case. First a test for Hj that imposes
p = 0, that is, assuming that that there is no autocorrelation at the aggregate

level while testing for autocorrelation at the individual level. It implicitly
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defines 6; = (Jg, 0727, 03, 0?) and 0y = A. This is based on LMs.; and will be
defined as LM,.,, a marginal LM statistic. Second, consider an estimator
of p. p is estimated jointly with the rest of the os. Appendix A2 provides
consistent estimates of # under the null hypothesis, 6 = (65,62,62,02,p,0).
For this case let 6; = (0¢, 0727, O'i, o2, p) and 0, = X and consider a LMy, test

defined as LM).(4,5), a conditional LM statistic.

3.3 LM test for autocorrelation at the individual level:
Hf : p =0, assuming 035 > 0,0'727 > O,JZ >0,0< A\ <1

This is a test for autocorrelation at the individual level.

2
o;
Q= o2 (Iy@In@Jr)+ — )\2 — 1 (Iy@JIN@VA)+on (I @In®@Jr)+0 2 (Iy@In&Ir)
Note that
89/80¢|H0 (I ® Iy ® Jr),
1
00/00 |u, = T2 —— U ® JIv @ V),
89/803|H0 = (Iy @ In ® Jr),
00/002 g, = (Iy ® Iy ® I7),
00/0p|n, = o2(Iy @ Iy ® Br),
2)\02 02
89/8/\|H0: (IM®JN®V)\) (IM®JN®V>\)

- A2) ¥

Once again, two different tests will be derived. The first one is a test for
H{ that imposes A = 0, that is, it assumes that there is not autocorrelation
at the aggregate level while it tests for autocorrelation at the individual level.
It implicitly defines 6, = (%, ag, - 0?) and 0y = p. This is based on LMy,
and will be defined as LM,.,, a marginal LM statistic. The second test

checks for serial correlation after having estimated \. Appendix A3 provides
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consistent estimates of @ under the null hypothesis, § = (63,02,07,02,0, A).
2 9

2,05,02,\) and 6, = p and consider a LM,.; test
defined as LM,.(5,), a conditional LM statistic.

For this case let §; = (07,0

4 Monte Carlo experiments

This section explores the small sample performance of the proposed tests
through and extensive Monte Carlo experiment.

The hierarchical model is:

Yijt = 121 + Booie + B335 + Baazje + Uije, (2)
Uit = Qi + Oit + pij + Vit
i=1,.M, j=1,2 .. N, t=12..T,

with 81 = o = 3 = B4 = 1 and p, = A, = 0.5. Let [v1,;, Vo1, U5, Vaijt]
and [¢;, M, €;5¢] be independent and identically distributed vectors of N (0, 1)
random variables and f;; is N(0,0.1). We set @1, = v1,; and x3,;; = 21, + Vs ;.

We consider two AR(1) structures for both the covariates and error terms,

dit = Ni—1 +mit, || < 1,

Vit = Pliji—1 + €ije, |p| < 1,
Tog = X1;+ Aeoi—1 + Vo, |Aa| < 1,220 = 21,4 + Vo1,
Tagje = T+ Top + T35 + Palagj—1 + Vijes |pa] < 1,

Toij1 = T14 + To41 + T345 + Vaij1-

We consider different panel sizes with M € {5,10} (i.e. number of school
districts), N € {5,10} (i.e. number of schools within district) and 7" =
{3,5,10} (i.e. number of repeated observations of the same school). We
evaluate the tests using a nominal size of 0.05 and 1000 replications. For all

data generating processes we consider the performance of the LM statistics
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constructed above: (i) joint test for Hy : A = p = 0, LM, )., (ii) tests for
Hy:A=0, LM).,, LM).(5,), and (iii) for Hy: p =0, LM s, LM,.(s,»).

The Monte Carlo studies can be divided into two strands. First, we ana-
lyze the tests size performance under the joint null hypothesis Hy : p = A = 0.
and different values of the autocorrelation parameters: p € {0,0.2} and
A € {0,0.2}. Second, we analyze the tests’ relative power performance for A €
{0,0.2} x p € {0,0.1,0.2,...,0.9} and p € {0,0.2} x A € {0,0.1,0.2,...,0.9}.

The first set of rows in Table [1| presents Monte Carlo results for the joint
test for Hy : p = A = 0, LM, »).c, when o is estimated as in Appendix Al.
The simulations show that the test has approximate correct empirical size
for all panel size dimensions, i.e. close to 5% in all cases when Hy: p= A =0
is true. Moreover, when one correlation parameter is increased, keeping the
other constant, the test correctly increases its rejection rates. Power increases
in all dimensions, that is, as either, M, N or T increases, keeping the other
dimensions constant. This implies that the test is consistent in every possible
direction. Note that rejection rates for p # 0 are higher than those for A # 0.
This is because a potential estimator of A uses less information than that of
p-

The second and third set of rows in Table [I| report the simulation results
for testing Hy : A = 0, marginal LM,.,, with ¢ estimated as in Appendix A1,
and conditional LM).(,,) when (o, p) are estimated as in Appendix A2. The
tests have correct empirical size when the data is simulated with p = A = 0.
Rejection rates are marginally larger when p # 0 but the size distortion
is small. Note that there are marginal improvements when p is estimated,
i.e. when comparing LM)., with LM} . Regarding empirical power, the
tests correctly detects A > 0. As expected, the marginal tests have better
power than the conditional when in fact p = 0. The simulations show that
power increases as either M, N or T increases, keeping the other dimensions
constant. However, the best improvement is observed for increments in 7.

Finally, the fourth and fifth set of rows in Table [I] show the simula-

15



tion results for testing Hy : p = 0, marginal LM,,, with o estimated as
in Appendix Al, and conditional LM,.,x) when (o, )) are estimated as in
Appendix A3. The tests have correct empirical size when the data is sim-
ulated with p = A = 0 for T" = 10 but are undersized with low rejection
rates for T' = 3,5. Rejection rates do not increase when A # 0. Note that
there are marginal improvements when A is estimated, i.e. when comparing
LM,.; with LM,.5 . Regarding empirical power, the tests correctly detects
p # 0. As expected, the marginal tests have slightly better power than the
conditional when in fact A = 0. The simulations show that power increases
as either M, N or T increases, keeping the other dimensions constant.

In order to analyze the test statistics’ relative power performance we
compute the rejection rates for different parameter values. Figure (1| shows
the five tests performance for the cases A =0 x p € {0,0.1,0.2,...,0.9} (left)
and p = 0xA\ € {0,0.1,0.2,...,0.9} (right). Figurerepeats the same exercise
for the five tests performance but for the cases A = 0.2x p € {0.1,0.2,...,0.9}
(left) p =0.2x X € {0.1,0.2,...,0.9} (right). This is done for the M =5, N =
5,7 = 10 panel size and for the same DGP of Table [}

Figure (1] clearly shows that tests in a particular direction are not contam-
inated for the presence of autocorrelation in the other nested level. More-
over, the figure shows a clear ordering in terms of empirical power, i.e.
jJoint < conditional < marginal. Figure [2] shows that the tests correctly
identify the presence of autocorrelation in one cluster level, even in the pres-
ence of autocorrelation in the other level (set at 0.2).

A particular motivation for the construction of these tests was to disen-
tangle the presence of nested autocorrelation structures, in the presence of
nested unobserved effects in the form of random effects. As pointed out by
Bera, Sosa-Escudero and Yoon (2001), tests for random effects also reject
the null hypothesis in the presence of serial correlation. For our particular
nested structure, Baltagi, Song and Jung (2002b) LM tests for nested ran-
dom effects should also be able reject the null hypothesis pointing out to the

16



presence of serial correlation given by either p or A\. We argue that while this
is the case, our proposed tests have higher power. To illustrate this point,

we compute two alternative tests for random effects only.

1. A test for Hy : 0} = 0 based on Baltagi et al. (2002a), ignoring serial
correlation at any level but estimating o7, o7 and ¢7. This is defined
as LMy (4).. and it is included as an additional test (the sixth LM test

in the figures).

2. A test for Hy : 07, = 0 based on Baltagi et al. (2002a), ignoring serial

correlation at any level but estimating o7, o7 and ¢7. This is defined
as LMy .. and it is included as an additional test (the seventh LM

test in the figures).

As expected for the DGP generated with 035 =1, LMy (4).. has rejection
rates above the 5% theoretical level. The test also shows that its rejection
rates does not increase with respect to p while it does when A increases, thus
providing some evidence on the appropriate level of clustering. However, it is
clear that while it might be able to detect serial correlation at the M —level,
it does so with lower power than the constructed test for A, such as LM,.,.
Similar results are obtained for a test for Hy : 05 = 0, that is, it detects
departures from p = 0 but not on A = 0 but with a lower performance
than the corresponding tests for p. As a result, while we corroborate the
fact that tests for nested random-effects are affected by serial correlation
(an application of the Bera, Sosa-Escudero and Yoon, 2001, principle to
the nested hierarchical model), these tests are not the most appropriate to
identify which level to cluster on. These results also complement the findings
of Baltagi, Song and Jung (2002a), in which serial correlation in p only is
condidered.

Tables [2] and [3 repeat the simulations above but with error components
that are not normally distributed. In the first case, Table [2, each component

follows a centered and standardized chi-squared distribution with 1 degree
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of freedom (X?/;l). In the second case, Table each component follows a

Student — t distribution with 5 degrees of freedom (standardized to have
variance of 1, @td, d = 5). The tables show that our constructed tests
have correct empirical size and similar power performance to those observed
in Table [l for Gaussian errors. This determines that the robustness of ‘co-
variance’ tests to non-normalities observed by Honda (1985) in the one-level
error-components model also applies to the nested model used in this paper.
Thus, our LM tests can be applied to different distributions of the error-
components, not just Gaussian. In fact, the tests also have a similar power
performance to that of the normal counterparts, as shown by Figures [3] [4]

and [6

5 Empirical application: educational perfor-
mance

As an empirical illustration we apply the proposed tests to study the dynam-
ics of educational performance. The PISA tests are held every three years in
the OECD member countries and a group of partner countries whose number
has been growing over time. The program collects harmonized information
about students and schools using a single questionnaire in all countries, thus
being comparable across countries. Clearly, understanding the channels be-
hind the dynamics of educational performance is a relevant issue for policy
making purposes. Therefore, this application shows the importance of having
a test that allows to identify the underlying sources of autocorrelation in a
reliable way.

The usual approach is to estimate an educational production function.
Following Hanushek and Woessmann (2011), we estimate a simplified model

given by the linear equation,

score;;; = a stratioy, + [ grade;j + v pegirls;j, + 0 hisei;j, + i,
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where the outcome variable is the mean score in a standardized international
reading test (score), and the covariates include some of the usual inputs
proposed in the literature: the average students-teacher ratio (stratio), the
average school year that students attend (grade), the average proportion of
girls at school (pcgirls) and an average index of socio-economic level (hisei).
The first covariate is a proxy of the educational resources of the school, the
second is a measure of students’ experience, while the last two capture dif-
ferences in educational performance related to demographic and economic
factors. Finally, the error term w;j; is assumed the nested structure in Sec-
tion 2. In this case we have a nested structure given by country and school
type. In our panel, ¢ correspond to the country, j to type of school, and ¢
is the year in which the survey information was collected. Since our testing
strategy was developed for balanced panel data, we use the sub-sample of
the eight (M = 8) countries with complete data in the five existing surveys:
Austria, Belgium, Switzerland, Spain, Hong Kong, Ireland, Republic of Ko-
rea, Portugal and Thailand. Within those countries there are three types of
schools (N = 3): Private independent, Private government-dependent and
Public. This information was collected for 2000, 2003, 2006, 2009 and 2012
(T'=05).

Table |4 shows the results of applying our tests to the model of educa-
tional performance using this data. At 5% of significance level, the joint
hypothesis of no autocorrelation in both cluster groups is rejected. However,
further analysis reveals that both tests for A = 0 are rejected at the 1% of
significance level for LMy., and 5% for LM).(,). The tests for p = 0 does
not provide enough evidence to reject this null hypothesis. Therefore, the
temporal persistence in educational performance seems to be related to the
country rather than the type of school.

This result has an interesting interpretation. Given the inputs levels,
the fact that a country is systematically good (or bad) does not appear to

be related to the type of school, i.e. in relation to the public vs. private
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discussion. Consequently, this dynamic is associated to the general situation
of the country as a whole and not to the performance of different types
of schools. This component is likely to be associated with the educational

culture and the design of the educational system, among others.

6 Discussion and conclusion

The proposed testing framework allows for a comprehensive analysis of the
appropriate level of clustering in a multi-level nested longitudinal panel data
structure.

The model proposed in this paper suggests several extensions. First,
the simulation exercises reveal that the estimates of the nuisance parameter
is quite demanding for moderate to large panel sizes (i.e. M = 10, N =
10,7 > 10). The main problem arises from the Wallace and Hussain (1969)
transformation of OLS residuals to obtain consistent estimators of the o
parameters. In particular, the inverse of the corresponding matrices is slow
in both STATA and R, the two softwares that were used for implementation.
Thus, different alternatives analyzed on Baltagi, Song and Jung (2001) could
be explored to speed-up the process.

Second, the quest for the adequate level of clustering should also be an-
alyzed in terms of heteroskedasticity. As argued by Wooldridge (2012) both
serial correlation and heteroskedasticity concerns call for cluster robust stan-
dard errors, even after GLS random effects estimation. Then, an impor-
tant extension would be the adpatation of Montes-Rojas and Sosa-Escudero
(2011) heteroskedasticity tests for the error-components model to the nested
structure combined here. A general testing framework to identify the appro-
priate level and type of clustering to be used requires nested random effects,

serial correlation and heteroskedasticity jointly.
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Appendix 1: Estimates of (%,02 02 ,0?), assuming p =

n?
A = 0 using invariant quadratic forms

nsider uadratic unbi imators (o5,02,0%,0 im
We consider best quadratic unbiased estimators (03,07, 07%,07) as a simple

extension of the spectral decomposition given in Wallace and Hussain (1969)
and Baltagi (2003, pp.38-39).

Rewriting the variance covariance matrix under the null we have

QQ = U;(IM®JN®JT)+0-»,2](IM®JN®IT)+OZ(]M®[N®JT)+US([M®IN®IT)

Then replacing J. by its idempotent counterpart .J. and using the fact
that I. = J + E., we obtain

Q = NTo Iy ®Jy®Jr)+ Noi(Iny ® Iy ® Jr) + Noz(In ® Jy ® Er)
+To%(Iny @ Jy @ Jr) + Toa(Iy @ Ex ® Jr) + 02(Iy @ Iy ® Jr)
+02(In @ Iy ® Er) + 02 (I ® Exy ® Jr) + 02(Iy ® Ey ® Er)

= 0i(Iy @ Ex® Er) + 03Iy @ Ex ® Jr) + 03(Iy @ Jy @ Er)
+02 (I ® Jy ® Jp)
= 0{Q1 +03Q2 + 03Q5 + 05Qu,

where 07 = 02, o TO' +02, NU%—I—U?,UE:NT03>+N072]—|—T03+0€2,
= Uu® EN ® Er), Q2 = (IM ® Ex ® Jr), Q3 = (I ® Jy ® Er) and
Qi={Unu® Iy ® jT)-

Thus, asymptotically unbiased and consistent estimates can be obtained

as

52 u'Qru
¢ M(N-1)(T-1)
52 u'Qou
2 M(N -1y
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and

5;;:

However, since u is not observed, using @ = Q) xu, the OLS residuals where
Qx = Iynt — X(X’X)71X’ is the residual matrix projection, produces an
asymptotic bias. We follow Baltagi, Song and Jung (2001) adaptation for the
Wallace and Hussain (1969) estimator to our particular case. Note that if a is
a n-dimensional normal random vector and a ~ N(0,X), then if Aisan xn
constant symmetric matrix, E(a’Aa) = tr(AX). Now, & ~ N(0,Qx2Qx)
and then

4
E(@Q.0) = tr(QQxQQx) = Y 0ptr(Q.QxQnQx).
h=1

This generates a 4 x 4 system of equations from which estimates of o2, h =

1,2, 3,4 can be obtained and the variance component estimates follow.

Appendix 2: Estimates of (0’;, OTQI,O'Z, 02, p), assuming \ =

0

We follow Baltagi and Wu (1999) strategy. First, we construct the within
residuals from a least-squares dummy variables fixed effects model. Consider

the regression model

J— Y Y\ .l \ o ..
yZJt_xijtﬁ—f—zznztdzt_’_zzluwdw+u2]ta

i=1 t=1 i=1 j=1

22



where {d;;} is a set of dummies for the NM clusters, {d;;} is another set for
the MT interactions of time and M-group, and let {@;;;} be the residuals.

Second we estimate p using the estimator

M N T -~ -~
MNT D 2imy Djmn Do Wit Uije1
M N ~T -~ :
MN(T —1) D it Zj:l D1 “?jt
Third, we transform the data to eliminate the AR(1) structure. In partic-

ular, this is done for all variables {y;;, xijt}f\i’f?;?zl’tzl with the transformation

p=

obtained from the pre-multiplication of the matrix

[ (1-p»)Y2 00 -~ 0 0 0

—p 10 -~ 0 0 0

Cp= : S
0 00 - —p 1 0

0 00 -~ 0 —p 1

This is equivalent to the transformation

(1 —pH)Y2%a, ift=1
Qiir = _ 1/2 5\ 1/2 . ]
! (1—-p*)'? [(#) it — (15?) (lijt1:| ift >1

Then consider the spectral decomposition and solution given in Appendix
Al for the residuals {@} transformed by C,. In this case, following Baltagi,
Song and Jung (2002b, p256-257), we use Jf = v,rilp/d?, Ef = Iy — Jf,
where 1,7 = (a,,1,1,...,1), a, = \/%, d* = Uty = o2 + T — 1, instead
of Jp and Ep and T needs to be replaced by T, = (1 — p?)(a2+ T —1). In
particular, note that tr(C,C)) = T,/Ttr(Ir) = T,/Ttr(J; + Ef), a factor
that applies to the 072] term. These are used to construct Qp,, h = 1,2, 3,4.

Then,
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tT(CpQQC;,> =

NT,o5tr(Iny ® Iy @ Jf)

+NT,/Tortr(Iny ® Jy @ JP) + NT,/Toxtr(Iy @ Jy @ EY)
+T,outr(Iy @ Iy @ J§) 4+ Tooatr(Iy @ Ex ® J7)

+otr(Iy @ Jy @ J2) + o2 (Iy @ Jy ® E5)

+oltr(Iy ® Ex ® Jrp) + o2tr(Iy ® Ex @ EX)

ottr(Iy @ Ex ® Ef) + ostr(Iy ® Ey ® J2) + ostr(Iy @ Jy ® Ef)
+ostr(Iy ® Jy ® J2)

oitr(Q1) + o3tr(Q2) + o3tr(Qs) + oitr(Qu),

where 07 = 02, 03 = T,0.+0?, 05 = NT,/To}+0?, 05 = NT,0,+NT,/To;+
Tp02+037 Q1 ={Iu®EN®EL), Qa=(Iu®EN®JY), Qs = (In® Iy QEf)
and Qq = (Iy @ Jy @ J5).

Thus, asymptotically unbiased and consistent estimates can be obtained

as

and

52 = u'Qu
° M(N-1)(T,-1)
G2 WQau
> M(N -1y
52 _ w'Qsu
SM(T, - 1)
~2 UIQ4U
01 =37
o, _ 03— 0¢
G, = T,
" NT,)T
, 03— NT,/TG: —Tyoh — o?
%o = NT,



However, since u is not observed, we use the same procedure of Baltagi,
Song and Jung (2001) adaptation for the Wallace and Hussain (1969) as in
Appendix Al.

Appendix 3: Estimates of (%,a 02 02, )\), assuming p =
0

We follow Baltagi and Wu (1999) strategy adapted to this case. First, we

consider the regression model

M N
Yije = Tij03 + Z Z pijdij + Wijt,

=1 j=1
where {d;;} is a set of dummies for the NM clusters and let {i;;;} be the

corresponding residual estimates. Second we estimate A using the estimator

MT o S 2( Zj 17:%]t) (% Zjvzl ﬁz‘jtq)
M(T - 1) S Y (S ) .

Third, we transform the data to eliminate the AR(1) structure. In partic-

X:

ular, this is done for all variables {y;;, xijt}ij\i’szl’tzl with the transformation

[(1=-M)Y2 00 --- 0 0 0]

—\ 10 -~ 0 0 0

Cr= : A
0 00 - =x 1 0

I 0 00 -+ 0 =X1|

This is equivalent to the transformation

(1 — }\2)1/20/1‘]‘,5 ift=1
P 3 1/2 & \1/2
Qy5¢ (]_ — )\2)1/2 {(ﬁ) QAjj¢ — (ﬁ) aijt_1:| ift>1
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Then follow Appendix A2, where A replaces p and all the corresponding
matrices and factores are defined accordingly, i.e. J3, E2 and Ty. Note that

in this case multiplying by C) produces the following:

tr(CxQoCy) = NToitr(ly ® Jy ® )

+Noztr(Iy @ Jy ® Jp) + Nottr(Iy ® Jy @ E})
+Tyoatr(Iy ® Jy @ Jp) + Thoatr(ly @ Ey ® J7)
+Ty/To*tr(Iy @ Iy @ J3) +Ta/To*(Iy @ Iy @ E3)
+Ty/To?tr(Iy @ Exy @ JpA) + Ty /To’tr(Iy; @ Exy @ EY)

= oitr(ly ® Ex ® E%) +ostr(Iy ® Exy ® j%) + agtr(IM ®RJIy E%)
+o2tr(Iy @ Jy @ Jp)

= oitr(Q1) + o3tr(Q2) + o3tr(Qs) + oitr(Qu),

where of = Ty/To?, 05 = Tyo, + T\/To?, 05 = No; + T)/To?, o0 =
NT\o;+No2+Thop+Th/To?, Q1 = (In®EN®E}), Qy = (Iy®Ex®.J}),
Qs = Iy ® Jy @ Ep) and Q4 = (I ® Iy ® J7).

Thus, asymptotically unbiased and consistent estimates can be obtained

as
/
-2 — T T U Qlu
o =TIy N =
52 u'Qau
> M(N -1y
52 _ u'Qsu
POM(Ty - 1)
o U Quu
0‘4 — M 3
and
o 05 —T)/T5?
g, = T ,



o 03 —T\/T&?
Oy ="
53 — Né’% — TAai —Ty/To?
NT)y
However, since u is not observed, we use the same procedure of Baltagi,
Song and Jung (2001) adaptation for the Wallace and Hussain (1969) as in
Appendix Al.
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Figure 1: Empirical size and power, normally distributed errors, A =0 x p €
{0,0.1,0.2,...,0.9} (left) and p =0 x A € {0,0.1,0.2, ...,0.9} (right)

A=0

1.00

— IM,,, -
—— LM,

Notes: Monte Carlo experiments based on 1000 replications and a 5%
nominal size. Panel size M =5, N =5,T = 10.
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Figure 2: Empirical size and power, normally distributed errors, A = 0.2xp €
{0,0.1,0.2,...,0.9} (left) and p = 0.2 x A € {0,0.1,0.2,...,0.9} (right)

A=020 p=020
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0.40 0.60 0.80 1.00 0.00 0.20 0.40 0.60 0.80 1.00

Yol A
— LM, 5, ——— LM, - LM, — — LM,
—— LM,y ——— LMyy, - LMy,y.

Notes: Monte Carlo experiments based on 1000 replications and a 5%
nominal size. Panel size M =5, N =5,T = 10.
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Figure 3: Empirical size and power, chi-squared distributed errors, A = 0 x
p €{0,0.1,0.2,...,0.9} (left) and p =0 x A € {0,0.1,0.2,...,0.9} (right)

A=0 p=0

1.00

1.00

— LM, ;.
—— LM,

Notes: Monte Carlo experiments based on 1000 replications and a 5%
nominal size. Panel size M =5, N =5,T = 10.

32



Figure 4: Empirical size and power, chi-squared distributed errors, A = 0.2 x
p€{0,0.1,0.2,...,0.9} (left) and p = 0.2 x A € {0,0.1,0.2,...,0.9} (right)

A=020 p=020
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0.40 0.60 0.80 1.00 0.00 0.20 0.40 0.60 0.80 1.00

Yol A
— LM, 5, ——— LM, - LM, — — LM,
—— LM,y ——— LMyy, - LMy,y.

Notes: Monte Carlo experiments based on 1000 replications and a 5%
nominal size. Panel size M =5, N =5,T = 10.
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Figure 5: Empirical size and power, Student-t distributed errors, A\ = 0x p €
{0,0.1,0.2,...,0.9} (left) and p =0 x X € {0,0.1,0.2, ..., 0.9} (right)

A=0
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—— LM, -——- LMy, - LMy,

Notes: Monte Carlo experiments based on 1000 replications and a 5%
nominal size. Panel size M =5, N =5,T = 10.
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Figure 6: Empirical size and power, Student-t distributed errors, A = 0.2 x
p€{0,0.1,0.2,...,0.9} (left) and p = 0.2 x A € {0,0.1,0.2,...,0.9} (right)

A=020 p=020
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0.40 0.60 0.30 1.00 0.00 0.20 0.40 0.60 0.80 1.00
Yol A
— LM, 5, ——— LM, - LM, — — LM,
—— LM,y ——— LMyy, - LMy,y.

Notes: Monte Carlo experiments based on 1000 replications and a 5%
nominal size. Panel size M =5, N =5,T = 10.
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Table 4: PISA nested autocorrelation analysis
Estimation p-value

LM 5 6.90 0.0318
LMy, 7.56 0.0060
LMy (5., 5.02 0.0251
LM,, 0.64 0.4252
LM, (s 0.10 0.7491

Notes: computations with data from PISA survey.
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