One-Sided Tests for Linear Panel Data Models

Walter Sosa Escudero*
Universidad Nacional de La Plata

August 25, 2001

Abstract

This paper proposes simple tests for the error component model for the
joint null hypothesis of absence of random effects and positive first order
serial correlation. These tests explicitely exploit the one-sided nature of
the alternative hypotheses, which yields a power gain compared to existing
procedures based on two-sided alternatives. The test statistics are, by con-
struction, asymptotically optimal. A Monte Carlo experiment shows that
the proposed statistics have good size and power performance in very small
samples like those typically used in applied work in panel data.

Resumen

Este trabajo propone procedimientos simples para evaluar la hipotesis nula
conjunta de ausencia de efectos aleatorios individuales y autocorrelacion de
primer orden en modelos de componentes de errores. Los estadisticos prop-
uestos explotan de manera explicita la naturaleza de ‘una cola’ de la hipotesis
alternativa, lo que redunda en una ganancia en terminos de potencia en com-
paracion con los tests disponibles, basados en alternativas a ‘dos colas’. Los
tests propuestos son asintoticamente optimos por construccion. Se presenta
un experimento de Monte Carlo que muestra que los estadisticos propuestos
tienen buenas propiedades de tamano y potencia en muestras muy pequenas,
similares a las tipicamente utilizadas en aplicaciones de datos en paneles.
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1 Introduction

There exist a considerable variety of specification tests for the error compo-
nent model, arguably the most popular specification in panel data applica-
tions. It is of particular interest to test for the presence of first order serial
correlation and random effects, and several tests have been proposed for
that purpose, see Bera, Sosa Escudero and Yoon (2001) and Baltagi, Chang
and Li (1992). Among them, Baltagi and Li (1991) have proposed a simple
procedure to test for the joint null of absence of first order serial correlation
and random effects, based on the Rao-Score/Lagrange Multiplier principle.
This statistic is designed to detect departures from the null hypothesis in
any direction, in the sense that under the alternative hypothesis the pa-
rameters controlling each effect (serial correlation and random effects) are
different from zero. The presence of random effects is clearly a one-sided
matter since under the null hypothesis the variance of the individual effect
is zero, and under the alternative it is a positive number. If, as it is usual
in practice, one could focus on positive first order serial correlation, it is
then relevant to ask whether the Baltagi and Li procedure can be improved
upon by deriving a test that explicitely considers this one-sided nature of
the alternative hypothesis.

This note derives one-sided versions of a test for the joint null of absence
of random effects and positive first order serial correlation. The multipa-
rameter character of the problem introduces a complication since, unlike
the single-parameter case, there is not an obvious optimality principle from
which to obtain such a test. We rely on recent work by King and Wu (1997)
and Bera and Bilias (2001) to derive asymptotically optimal one-sided tests.
A Monte Carlo experiment suggests that there are non-trivial power gains
in relatively small samples, similar to those commonly used in applied work
using panel data. As it is the case of the two sided test derived by Baltagi
and Li, the proposed statistics are computationally very simple, requiring
OLS residuals only.

2 Optimal one-sided tests for multiparameter hy-
potheses

This section describes the theoretical framework used to derive one-sided
optimal tests for the null hypothesis of no random effects and positive serial
correlation in the error component model. It is largely based on Bera and
Bilias (2001) to which we refer for further details.



Assume we are interested in a parametric statistical model for a sam-
ple of n observations that can be represented by its log-likelihood func-
tion L(#) where 6 is a p vector of unknown parameters. Let s(f) and 1(9)
be, respectively, the score vector and the information matrix, defined as
s(6) = 0L(0)/9(0), and I(0) = E[s(0)s(0)']. We will be interested in test-
ing H, : 8 = 0y against the one-sided alternative H4 : 6 > 6.

The case p = 1 corresponds to the single parameter case, for which there
is a well established theory from where to derive optimal tests. For example,
the well known Rao score principle suggests that a test based on the statistic:

RS = 8(90)2/1(90)

is locally most powerful, and has asymptotic central chi-squared distribution
with one degree of freedom under the null hypothesis. Alternatively, Rao
and Poti (1946) proposed to use:

s(6o)
I(6)

RP =

which has asymptotic standard normal distribution under the null, and tests
based on it are, naturally, locally most powerful for the one sided alterna-
tive. It is interesting to remark that this form of the test can be easily
derived directly from the Neyman-Pearson Lemma for local alternatives.
See Gourieroux and Monfort (1995, pp. 32-33).

The generalization of the score test for p > 1, the multiparameter case,
is given by:

RS = 5(60)'I(6) *s(6)

which under the null hypotheses has asymptotic chi-squared distribution
with p degrees of freedom under the null.

Unfortunately the optimality property of the single-parameter case does
not translate directly to the multiparameter case. The problem lies in that
optimality for the single parameter case follows from maximizing power in
the only direction available under the alternative hypothesis, that is, the
direction given by 6 > 6. In the multiparameter case we will have a power
surface defined over the possible values 0 can take, and even when one-
sided alternatives are considered, there is no obvious direction that should
be used to maximize power. There have been many attempts at defining
an implementable principle that maximizes power over relevant directions of
this power surface. Sen Gupta and Vermeire (1986) and Rao and Mukerjee



(1994) are modern references of a literature that dates back to Neyman and
Pearson’s (1938) work on the issue.

More recently King and Wu (1997) proposed a testing framework for
one-sided hypothesis in the multiparameter case. Let i be a p-vector of
ones. For the case when 0y = 0, so Hy : 6 > 0, they propose the following
test statistic:

i’S(eo)

i'1(00)1
which has an asymptotic standard normal distribution under the null. Tests
based on this statistic are shown to be locally mean most powerful against
Hy:0>0.

The King-Wu test is based on a simple unweighted linear combination
of the components of the score vector. Bera and Bilias (2001) suggest to
weigh the individual scores by their respective precision measures. Denote
with \/T(fp)~T the square root matrix of I(fg)~!, that is, /()T is such
that /T(00)— 1 \/T(60)— T = I(f)~*. The proposed sum of normalized scores
(SNS) test statistic is:

KW =

i/ I(Qo)_ls(go)
VP

which also has asymptotic standard normal distribution under the null.

In practice, as in our case, there will be nuisance parameters that have
to be estimated. In such case 6 is expressed as 6 = (6, 65)" where 6; and
0y are respectively p; > 1 and py > 0 vectors of parameters with p; 4+ po =
p, and we will be interested in testing Hy : 61 = 0 against Hq : 61 >
0, so 0y are nuisance parameters for the testing problem. Let 6 be the
maximum likelihood estimator of 6 under the restriction imposed by the
null hypothesis, that is, for our case, a p vector with its first p; components
set at 0 and the remaining ps components set at the maximum likelihood
estimates under the null hypothesis. Let s1(0) be the first p; coordinates
of the score vector and G1(6) the upper p1 x p1 block of the inverse of the
information matrix.

The King-Wu and SNS test statistics for this case will be:

SNS =

i’Sl 0

Kw = 0 )
i/Gl (9)_1i

4 G1(§)51(9)

and



For the two-sided alternative hypothesis Hy : 1 # 0 the standard Rao Score
(RS) test is:

RS = 51(0)'G1(8)s1(9)

which under the null has an asymptotic chi-squared distribution with p; de-
grees of freedom. Again, it is important to remark that the RS statistic does
not have the local optimality property of its single parameter counterpart.

3 Tests for the error component model

Consider the following one-way error component model which combines ran-
dom individual effects and first order serial correlation in the disturbance
term:

vt = TpB+wuyg, i=1,2,...,N, t=12...T, (3)
Uit = M + Vit (4)
Vit = priz—1+e€i, |p| <1, (5)

where 3 is a (k x 1) vector of parameters including an intercept, p; ~
IIDN(0,07) is a random individual component, and e ~ ITDN(0,02). p;
and v;; are assumed to be independent of each other with v; 9 ~ N(0,02/(1—
p?)). N and T denote the number of individual units and the number of
time periods, respectively.

Analytic expressions for the score and the information matrix of this
model are given in Baltagi and Li (1991). The information matrix is block
diagonal between ( and (03, p,d2), so we will concentrate the analysis on
the latter. In terms of the notation of the previous section, 6; = (O’Z, p)
0 = 02, p1 =2, po = 1, and p = 3. The score vector for these parameters,
evaluated at the restricted maximum likelihood estimates is given by:

_% A

s(0)=| NTB

where:

and




In is the identity matrix with dimension N, er is a T-vector of ones, @
is an NT-vector of OLS residuals from the standard linear model y;; =
x;tﬂ + w;t, u—1 is an NT-vector with typical element 4; 1, and ‘®’ denotes
the Kronecker product. 62 = @'4/NT is the maximum likelihood estimator
of o2.

The information matrix I(f) evaluated at 6 is:

T 2(T—1)52 1

-~ NT -2 T
10) = 5 AT-L)oe (% 25 0
7 1 0 1

Analytic expressions for the inverse of I(0), its upper 2 x 2 block G1(0), its

inverse G1(0)~!, and /G1(6) are given in the Appendix.
Replacing these magnitudes in (1) and (2) we obtain the following ex-
pression for the test statistics:

NT [2B6% — A]

KW = T DT 2720
and
ovs NT [B(v2(T=2) -2) - 4]

VAINT - DT -2

As mentioned before, both statistics have asymptotic standard normal dis-
tribution under the joint null. The expression for the Baltagi and Li (1991)
Rao score test for the two-sided alternative is:

NT?

_ 2 2
RS = T DT D) [A +4AB +2TB }

which has asymptotic Chi-square distribution with 2 degrees of freedom
under the null.

4 Monte Carlo results

We performed a Monte Carlo study to explore the small sample behavior of
the proposed test statistics. To facilitate comparisson, the adopted experi-
mental design is the same as in previous work on the subject, in particular
Bera, et. al (2001) and Baltagi et al. (1992) where a more detailed descrip-
tion can be found.



The model is a special case of (3)-(5):

Yit = O‘"i'ﬁxit_‘_uita i:1727-~-aN7t:1a2a"'7Ta
Uit = g+ Vit

Vie = plit—1+ e |pl <1,

We set a = 5 and 8 = 0.5, and x;; was generated as a trended autorregresive
process as in previously quoted work. The strength of the serial correlation
effect is controled by the parameter p whereas that of the random individ-
ual effect is controlled by the variance of the random effect as a proportion
of the total variance, that is, by 7 = 02/02 with 02 = az + 02, We set
02 = 20. Replications of the model were generated for 7 and p varying over
(0,4) with increments of 0.05. Sample sizes (N,T') considered are (25,10),
(25,20), (50,10) and (50,20), which are similar to those found in empirical
applications. For each sample size and each parameter setting we generated
1000 replications of the model, computed all the test statistics, and counted
the proportions of rejections using a nominal size of 0.05 for the correspond-
ing quantiles of the asymptotic distributions of each test statistic under the
null.

Under the null hypothesis Hy : O'Z = p = 0, the proposed one-sided
statistics have asymptotic standard normal distribution. The statistics gen-
erated for these values of the parameters were used to evaluate the accuracy
of the normal approximation for the samples sizes considered in the exper-
iment. Table 1 presents the estimated empirical sizes of the tests, using
a nominal size of 0.05, that is, we used the 0.95 quantile of the standard
normal distribution as the lower limit of the critical region and counted the
proportion of rejections. All estimated values are close to the nominal. Since
we used 1000 replications, the maximum standard errors for the estimates
are 1/0.5(1 —0.5)/1000 = 0.015 so for all cases, a 90% confidence interval
includes the nominal value. We also computed Kolmogorov-Smirnov tests
(not shown) to explore the null of no differences between the empirical dis-
tribution and the standard normal for both tests, and in all cases we do
not find significative differences, so the normal approximation seems to be
accurate even for very small samples like those considered in the experiment.

Regarding power, Table 2 presents results for a sample size of N =
25, T = 10, for selected values of the parameters. Estimated rejection prob-
abilities for higher values of 7 and p are all very close to one, so they are not
reported. Besides, as clarified later, the optimality properties of the tests
are expected to hold in a small neighborhood of the null hypothesis, so we
concentrate the analysis on small values of the alternative. Also, results for




sample sizes (25,20), (50,10) and (50,20) only reinforce the conclusions of
the (25,10) case, so they are are not shown in order to save space, and can
be obtained from the author.

Table 2 shows the estimated rejection frecuencies for different tests. First
we compare the power performance of the proposed one-sided statistics (KW
and SNS) with that of the two-sided Rao Score test (RS) of Baltagi and Li,
which correspond to the first three columns. When there are no random
effects (7 = 0) and we increase the strength of serial correlation, the KW
test has consistently higher power than the RS test. This power gain is con-
siderable for low values of p and, as expected, this gain gradually dissapears
as p takes values further away from zero. The SNS ranks second for p = 0.05
and then third.

The opposite occurs when we look at the case of no serial correlation
(p = 0) and let the random effect gradually have a stronger effect. Here the
SNS statistic has the largest power, followed by the RS and then the KW
test. In this case, the power gain of the SNS test with respect to the RS
case is statistically significant but milder than in the previous situation.

When both serial correlation and random effects are present, in all cases
either the KS or the SNS rank first, with nine cases in which the RS ranks
third. Figures 1 and 2 show these results graphically. These figures show,
respectively, the differences in power between the KW and the SNS test with
respect to the RS test for different values of p and 7, measured in the bottom
plane. The flat region corresponds to high values of p and 7 where all tests
have power very close to one, so there are no power gains. Positive values
represent power gains, and negative values power losses when compared to
the RS test. As can be seen, the KS test produces a power gain, specially in
the direction of serial correlation, though there is a small power loss when
the alternative is moved in the direction of the random effect. The SNS test
has a power gain in the direction of the random effect and loses power in
the direction corresponding to positive serial correlation. It is important to
remark that the proposed tests do not maximize power in every direction,
but in some more general sense. For example, the KW test maximizes local
mean power in the direction p > 0,7 > 0.

The proposed statistics are designed to test the joint null of no serial
correlation and random effects against the alternative of positive serial cor-
relation or random effects, so non-rejections are indications of absence of
both effects. It is interesting to compare the power performance of these
procedures with tests statistics designed to detect departures in only one di-
rection of the alternative hypothesis, assumming the other one is held fixed
in the null. That is, for example, tests for positive serial correlation assum-



ing that there are no random effects. In the absence of the latter, the Rao
score test should have local maximum power against this single alternative,
and trivially, the two-directional joint tests should be suboptimal. But this
provides a useful benchmark to measure the power loss that arises when the
joint null is evaluated. For the case of serial correlation we computed the
two-sided test statistic proposed by Baltagi and Li (1991) (SC2) for first or-
der serial correlation assuming no random effects, and its one-sided version
based on the Rao-Poti principle (SC). Recently, Bera, et al. (2001) showed
SC?2 is not robust to the presence of random effects, that is, when random
effects are present the test tends to reject the null of no serial correlation
independently of whether the null is true or false. They proposed a modified
version that has power only in the direction of serial correlation (MSC2).
We have also included this statistic in the comparisson. As expected, in the
absence of random effects the SC test has larger power than all the joint
tests, but the power loss with respect to the KW statistic, though positive, is
very small. It is interesting to note that the KW statistic has slightly larger
power than the MSC2 test, which detects departures only in the direction
of serial correlation.

The case of only random effects is symmetric. We considered the stan-
dard Breusch-Pagan (1980) statistic for the two-sided alternative (BP2) and
its one-sided version (BP). These tests have the same problem as the serial
correlation case, in the sense that they have unwanted power when there
is serial correlation. We also incorporated in the comparisson the modified
versions derived by Bera, et al. (2001), MBP2 and MBP. Results are analo-
gous to those obtained for serial correlation: the joint tests have lower power
than the single directional tests, but the power loss, specially for the SNS
test is strikingly low.

It is interesting to observe that when the alternative moves in the di-
rection of both positive serial correlation and random effects, the joint tests
have, in general, larger power than the one directional counterparts. This is
what makes joint test desirable since they have higher power in a relevant
part of the parameter space.

5 Concluding remarks

This note proposes simple tests for the null of no serial correlation and ran-
dom effects in the error component model. Since the presence of random
effects is essentially a one-sided matter, and given that in most practical
cases researchers are worried about positive serial correlation, the proposed



statistics consider explicitely this one-sided character of the alternative hy-
pothesis, in contrast to existing procedures that take the alternative as two-
sided. Given the multiparameter nature of our problem, there is no obvious
optimality principle from which to derive tests, so we implemented recent
proposals that maximize power in different local departures from the null
hypothesis.

Monte Carlo results show that, as expected, the use of one-sided tests
imply a power gain with respect to the two-sided Baltagi and Li (1991)
test, specially when the alternative moves locally in the direction of both
serial correlation and random effects, though this power gain is not uniform.
Overall, the empirical results suggest that power gains are, in absolute term
larger than power losses, which is consistent with the theoretical predictions,
since the proposed tests are designed to maximize some notion of average
local power. In all cases the two-sided test is dominated in power by at least
one of the one-sided alternative prodedures

As stressed in Davidson and MacKinnon (1993, pp. 428), tests that do
not reject the null are more reliable if they are known to have high power
against relevant alternatives. Since in the multiparameter case directions
of the alternative hypotheses are not obviously predefined, it is interesting
to explore several directions away from the joint null. As expected, when
one-directional alternatives are considered -only serial correlation or random
effect-, one-sided Rao Score tests designed for that purpose have the largest
power. But when the alternative hypotheses moves in the direction of both
serial correlation and random effects, tests for the joint null hypothesis have
larger power than single directional tests, say, when 7 and p are both small
and different from zero, the one-sided joint tests have larger power than the
single directional tests, in the sense that they detect that both parameters
are different from zero and, consequently, reject strongly, while each of the
single direction rejects slightly. This increase in power is what makes joint
tests attractive, specially when in applied work they do not reject the joint
null, providing stronger support in favor of the joint null hypothesis. We
recommend that researchers compute all statistics, which can be easily per-
formed in practice since the the proposed test statistics are based solely on
simple least squares residuals.

Finally, this note provides a practically relevant ‘case study’ for the still
puzzling issue of considering relevent directions for the alternative hypoth-
esis in the multiparameter case.
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Table 1: Empirical sizes (nominal size=0.05)

Tests
(N,T) KW SNS
(25,10) 0.053 0.054
(25,20) 0.051 0.045
(50,10) 0.059 0.057
(50,20) 0.049 0.047

Table 2: Estimated rejection probabilities of different tests
Sample size: N=25; T=10

T p KW SNS RS BP MBP BP2 MBP2 SC SC2  MSC2
0.00 0.00 0.052 0.054 0.066 0.058 0.052 0.045 0.041 0.053 0.086 0.079
0.00 0.05 0.204 0.141 0.129 0.100 0.070 0.076 0.067 0.206 0.139 0.140
0.00 0.10 0.469 0.282 0.333 0.184 0.067 0.130 0.071 0.476 0.379 0.323
0.00 0.15 0.746 0.469 0.608 0.275 0.089 0.208 0.112 0.752 0.669 0.593
0.00 0.20 0.932 0.685 0.829 0.427 0.136 0.342 0.140 0.932 0.886 0.813
0.05 0.00 0.239 0.416 0.299 0.418 0.365 0.342 0.294 0.210 0.167 0.063
0.05 0.05 0.483 0.581 0418 0.531 0.372 0421 0.288 0.449 0.337 0.141
0.05 0.10 0.740 0.714 0.631 0.628 0.390 0.531 0.311 0.711 0.608 0.315
0.05 0.15 0.914 0.846 0.811 0.712 0.397 0.624 0.331 0.900 0.826 0.579
0.05 0.20 0979 0.923 0942 0.804 0433 0.739 0377 0.975 0.956 0.800
0.10 0.00 0.526 0.760 0.664 0.791 0.752 0.722 0.659 0.442 0.343 0.056
0.10 0.05 0.729 0.860 0.761 0.843 0.733 0.789 0.659 0.663 0.571 0.121
0.10 0.10 0.886 0.916 0.849 0.887 0.716 0.839 0.644 0.864 0.808 0.307
0.10 0.15 0.969 0.964 0933 0916 0.729 0.886 0.654 0.961 0.930 0.553
0.10 0.20 0.995 0.977 0974 0946 0.722 0914 0.663 0.994 0.980 0.756
0.15 0.00 0.775 0.948 0.908 0.956 0.932 0933 0904 0.674 0.590 0.058
0.15 0.05 0917 0.968 0940 0.966 0.914 0950 0.885 0.868 0.801 0.148
0.15 0.10 0.963 0.981 0.963 0974 0912 0966 0.867 0.949 0.922 0.310
0.15 0.15 0.995 0.997 0.987 0.988 0.920 0.981 0.883 0.990 0.980 0.558
0.15 0.20 0.999 0.995 0.992 0979 0.889 0.969 0.855 0.997 0.992 0.787
0.20 0.00 0.918 0.992 0984 0.996 0.989 0.991 0.983 0.862 0.805 0.043
0.20 0.05 0.961 0.990 0.983 0.990 0972 0985 0963 0.940 0915 0.134
0.20 0.10 0.990 0.997 0991 0.996 0971 0991 0.956 0.978 0.970 0.298
0.20 0.15 0.996 0.999 0.997 0.996 0.967 0.995 0.956 0.992 0.990 0.553
0.20 0.20 1.000 1.000 1.000 0.996 0.960 0.994 0.944 0.999 0.999 0.784
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Appendix: Algebraic details

This appendix gives the analytic expressions used to derive the test statistics.

954 1 —~1/0? -1
10 = < —~1/0% T/20% —1/0?
N(T —1)(T - 2) 2
-1 _1/0_62 T %T-‘r?
~ 252 1 —1/o?
Gi(0) = N(T —1)(T —2) [ ~1/02 T ]
-, NT-1)(T-2)| T 202
iy = MDD [ 12

For the square root matrix we used the Cholesky factor P of G1(6):

V252 [ 1 1/o? ]

P=NT-DnT 9|0 VT =2/ (V20?)
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Figure 1: Difference in power: KW test
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Figure 2: Difference in power: SNS test
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